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Introduction

There are two prototypical situations in multivariate analysis
that are, in a sense, different sides of the same coin. Suppose we
have identifiable groups, and they may (or may not) differ in
their means (and possibly in their covariance structure) on one
or more response measures.

How can we test whether the groups are significantly
different?
If the groups are different, how can we construct a rule
that allows us to accurately assign an individual to one of
several groups, depending on their scores on the response
measures?
In this module, we will deal with the second problem,
examining, in detail, a method known as discriminant
analysis.
However, the first problem, related to a technique known as
MANOVA (Multivariate Analysis of Variance) is closely
related to the first.
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Classification in One Dimension

There are many situations in which we measure a response
variable on a group of people, objects, or situations, and
then try to sort these into one or more groups depending
on their score on that variable.
Some examples? (C.P.)
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Classification in One Dimension – Some Examples

Your response variable is the color of a test strip. You try
to sort individuals into:

1 Pregnant
2 Non-Pregnant

Your response variable is a brief sensation of change of
illumination in a very dark backround. You try to decide
whether a very dim signal light is

1 Present
2 Not Present

You have individuals who are either male or female, and
you have their heights. You try to devise a rule that will,
with the highest possible degree of accuracy, decide only on
the basis of height whether a person is:

1 Male
2 Female
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A Simple Special Case

As a simple special case, suppose we consider the whole
population of men and women, and imagine that we knew
that both populations are normally distributed with
standard deviations of 2.5, but men have a mean of 70,
women of 65.
Suppose that men and women occur with equal probability,
and we randomly sample a person from the population.
What is an optimal decision rule for deciding whether the
person is male or female, given only the information about
the person’s height?
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A Simple Special Case

The rule we choose depends on what is, for us, optimal.
For example, in this situation, there are two kinds of
misclassification errors we can make:

1 We can assign a person who is really Male to the Female
group.

2 We can assign a person who is really Female to the Male
group.

If these two types of errors have different costs, then this
might effect our decision rule!
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Normal Distributions, Means = 65,70  SD = 2.5

x
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Choosing a Decision Point

Suppose we choose a decision point based on height. If a
person’s height is larger than a particular value, we decide
they are male, otherwise we decide they are female.
Where is the best place to put our decision point?
Let’s begin by putting our decision point exactly halfway
between the means of the two distributions.
I’ve colored in areas under the normal curves corresponding
to the two types of misclassification errors.
The blue area represents the probability of erroneously
classifying a female as a male, the red area the probability
of erroneously classifying a male as a female.
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Choosing a Decision Point

In this case, it is fairly easy to see that moving the decision
point slightly to the right or to the left will increase the
overall probability of an error.
So, if males and females are equally represented in the
population, this is the optimal decision point.
However if males and females are not equally represented,
or if the costs of the two types of misclassification are
different, then the point halfway between the two means
would not necessarily be optimal.
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Classification in Two Dimensions

As an extension of our previous simple example, suppose
we have two measurements on two or more distinct groups.
For example, suppose we have heights and weights of a
group of people, and we try to predict, on the basis of
those data, whether the individuals are male or female.
For simplicity, let’s assume that heights and weights have a
bivariate normal distribution for both men and women. For
women, the mean vector is µ1 = (65, 135)′, and for men it
is µ2 = (70, 150)′. Furthermore, assume that both groups
have a common covariance matrix given by

Σ =

[
6.25 43.75
43.75 625.00

]
On the next slide, we plot a simulated data set representing
50 observations at random from both groups.
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We’ll create some data and plot it on the next slide. Here are
the commands to create the data.

> set.seed(12345)

> mu1 <- c(65,135)

> mu2 <- c(70,150)

> Sigma <- matrix(c(6.25,.7*2.5*25,.7*2.5*25,625),2,2)

> g1 <- mvrnorm(50,mu1,Sigma)

> g2 <- mvrnorm(50,mu2,Sigma)

> group <- rbind(matrix(rep(1,50),50,1),matrix(rep(2,50),50,1))

> data <- rbind(g1,g2)

> data <- cbind(group,data)

> colnames(data) <- c("group","height","weight")

> height.data <- data.frame(data)

> attach(height.data)
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> plot(height[1:50],weight[1:50],pch=1,col="red",xlab="Height",ylab="Weight")

> points(height[51:100],weight[51:100],pch=2,col="blue")

> legend("bottomright",c("female","male"),pch=c(1,2),col = c("red","blue"))
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We can see that the points tend to occupy different regions
of the two-dimensional data space.
Linear discriminant analysis would attempt to find a
straight line that reliably separates the two groups.
However, since the two groups overlap, it is not possible, in
the long run, to obtain perfect accuracy, any more than it
was in one dimension.
In the long run, where should we draw our “line of
demarcation”?
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Recall that, in the case of one variable, we put a line of
demarcation perpendicular to a line connecting the two
group means, at a point halfway between them.
In two-group discriminant analysis, we do the same thing,
except that it is now much more complicated.

First, we need to find a direction in two dimensional space
along which the two groups differ maximally.
Next, we compute the mean value, along this direction, for
each of the two groups.
We draw a connecting line, then draw a line perpendicular
to its midpoint.
Any observation on the side of the line closer to the mean of
group 1 is classified as belonging to group 1, otherwise it is
classified as belonging to group 2.

But this raises the key question — how do we find the
direction in two dimensional space that maximally
separates the two groups?
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A Caveat

There are a number of different ways of arriving at
formulae that produce essentially the same result in
discriminant analysis.
Consequently, different computer programs or books may
give different formulae that yield different numerical values
for some quantities.
This can be very confusing.
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The Two-Group Linear Discriminant Function

Suppose we have two groups to be classified, based on a
linear function of the classifying variables in x .
Call the discriminant function L = a ′x .
We seek an a that produces maximally different mean
scores for individuals in the two groups.
It may be shown (see, e.g., Timm,Applied Multivariate
Analysis, Equation 3.9.10) that the set of discriminant
weights as that accomplishes maximal separation is given
by

as = S−1(x 1 − x 2) (1)

where S is the pooled unbiased estimator of the common
covariance matrix Σ.
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The Two-Group Linear Discriminant Function

Using as as defined above, the mean difference in
discriminant scores is

L1 − L2 = a ′sx 1 − a ′sx 2

= a ′s(x 1 − x 2)

= (x 1 − x 2)
′S−1(x 1 − x 2) (2)

The above expression is known as Mahalanobis’ D2, and is
a measure of distance between two groups of scores.
When we get to MANOVA, we shall see that this statistic
is closely related to Hotelling’s T 2 statistic used for testing
the equality of two mean vectors.
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Plotting the Two-Group Discriminant Function

The linear weights for the discriminant function define the
direction in two-dimensional space that most effectively
discriminates between the two groups.

> centroid.1 <- c(mean(height[group==1]),mean(weight[group==1]))

> centroid.2 <- c(mean(height[group==2]),mean(weight[group==2]))

> xs <- c(centroid.1[1],centroid.2[1])

> ys <- c(centroid.1[2],centroid.2[2])

> mid.point <- (centroid.1 + centroid.2)/2

> mid.point <- matrix(mid.point,2,1)

> data.1 <- cbind(height[group==1],weight[group==1])

> data.2 <- cbind(height[group==2],weight[group==2])

> S <- (var(data.1)+var(data.2))/2

> xbar.1 <- matrix(centroid.1,2,1)

> xbar.2 <- matrix(centroid.2,2,1)

> a <- solve(S) %*% (xbar.1 - xbar.2)

> a

[,1]

[1,] -1.07678775

[2,] 0.06092793
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Plotting the Two-Group Discriminant Function

We can use the linear weights in as to compute
discriminant scores for each individual.
If the ith individual has score vector x i , then that
individual’s discriminant score is Li = a ′sx i

If we plot the discriminant weights as a line in
2-dimensional space, the discriminant scores are
proportional to the projection of an individual’s data point
onto that line.
This is not simple to visualize in this case — because
height and weight are plotted with axes having different
numerical scales, lines that are perpendicular do not
appear to be at right angles on the plot.
So I’ll work at it in reverse.
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Plotting the Two-Group Discriminant Function

Where do we draw the line? The rule for assigning
individuals to groups is to

Compute the discriminant score.
If an individual discriminant score is higher than the
discriminant score computed at a cutoff point halfway
between the two group centroids (i.e., at an overall weighted
average score), then assign the individual to group 1,
otherwise assign to group 2.

The cutoff point is thus c = a ′s(x 1 + x 2)/2.

> cutoff <- t(a) %*% mid.point

> cutoff

[,1]

[1,] -64.42968
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Plotting the Two-Group Discriminant Function

The cutoff line for deciding whether to classify an
observation as group 1 or group 2 is at the point
a1x1 + a2x2 = c.
This may be re-expressed in the classic form of a linear
equation as

x2 = −(a1/a2)x1 + c/a2 (3)

that is, a straight line with a slope of −(a1/a2) and an
intercept of c/a2.
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Plotting the Two-Group Discriminant Function

> plot(height[1:50],weight[1:50],pch=1,col="red",xlab="Height",ylab="Weight")

> points(height[51:100],weight[51:100],pch=2,col="blue")

> legend("bottomright",c("female","male"),pch=c(1,2),col = c("red","blue"))

> abline(cutoff/a[2],-(a[1]/a[2]))
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Plotting the Two-Group Discriminant Function

The discriminant function is evaluated by projecting points
onto the discriminant function line, which has a slope of
a2/a1, and an intercept of 0. This line is not visible in the
current plot, but we can make it visible by moving it
upwards, so that it intersects with the midpoint between
the two group centroids.
It is convenient to use the point-slope function. I’ve written
this function to plot a straight line that has a given slope
and intersects with a given point.

> point.slope.line <- function(point,slope,col="black",lty=1)

+ {

+ x.0 <- point[1]

+ y.0 <- point[2]

+ intercept <- y.0 - slope*x.0

+ abline(intercept,slope,lty=lty,col=col)

+ }
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Plotting the Two-Group Discriminant Function

> plot(height[1:50],weight[1:50],pch=1,col="red",xlab="Height",ylab="Weight")

> points(height[51:100],weight[51:100],pch=2,col="blue")

> legend("bottomright",c("female","male"),pch=c(1,2),col = c("red","blue"))

> abline(cutoff/a[2],-(a[1]/a[2]))

> points(centroid.1[1],centroid.1[2],pch=19,cex=2,col="red")

> points(centroid.2[1],centroid.2[2],pch=17,cex=2,col="blue")

> xs <- c(centroid.1[1],centroid.2[1])

> ys <- c(centroid.1[2],centroid.2[2])

> lines(xs,ys)

> points(mid.point[1],mid.point[2],pch=19,cex=2,col="black")

> point.slope.line(mid.point,a[2]/a[1],lty=2,col="red")

> discriminant.scores <- a[1]*height + a[2]*weight

> W.hat <- discriminant.scores - cutoff
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Plotting the Two-Group Discriminant Function

The red dotted line is the discriminant function line. The
black solid line is the “line of demarcation” that also shows
the correct direction to orthogonally project points onto
the discriminant function line.
The two lines are actually perpendicular, but do not
appear so in the plot because the numerical scales in the
plot are not the same.
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Plotting the Two-Group Discriminant Function

Using the identify function in R, we can identify points
and also compute their discriminant functions.
For example, point number 65 lies just above the midpoint,
and just to the left of the demarcation line. Point number
32 lies just to the right of the demarcation line. To
compute the amount by which the discriminant score is
above or below the cutoff, I subtracted the cutoff value to
generate a “decision score.”

Ŵi = a1heighti + a2weighti − c (4)

Using the decision scores, we classify an observation in
group 1 if the decision score Ŵi is greater than 0.

> W.hat[65]

[1] 0.1285451

> W.hat[32]

[1] -0.1542967
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Unequal Prior Probabilities

Suppose that we somehow knew that groups 1 and 2 are
unequally represented in the population with probabilities
Pr(1) and Pr(2), respectively.
Should this affect our decision rule?
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Anderson’s classification rule that minimizes the total
probability of misclassification (TPM) uses the decision
score to assign a person to group 1 if the decision score
exceeds ln(Pr(2)/Pr(1)), or, alternatively, if

W ∗ = Ŵ − ln(Pr(2)/Pr(1)) > 0

.
Suppose we knew that, in our classification system, males
were actually 9 times as likely to occur as females.
Can you diagram the new decision line?
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W ∗ = Ŵ − ln(Pr(2)/Pr(1)) > 0

.
Suppose we knew that, in our classification system, males
were actually 9 times as likely to occur as females.
Can you diagram the new decision line?

James H. Steiger Discriminant Analysis



Introduction
Classification in One Dimension

Classification in Two Dimensions
More than Two Groups

The Two-Group Linear Discriminant Function
Plotting the Two-Group Discriminant Function
Unequal Probabilities of Group Membership
Unequal Costs

Unequal Prior Probabilities

Anderson’s classification rule that minimizes the total
probability of misclassification (TPM) uses the decision
score to assign a person to group 1 if the decision score
exceeds ln(Pr(2)/Pr(1)), or, alternatively, if
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Unequal Costs

Suppose the costs of misclassification are unequal, and we
wish to minimize the overall cost. A classification rule that
minimizes the expected cost uses the decision score to
assign a person to group 1 if the decision score exceeds
ln[C (1|2)/C (2|1)](Pr(2)/Pr(1)), or, alternatively, if

W ∗∗ = Ŵ − ln[C (1|2)/C (2|1)](Pr(2)/Pr(1)) > 0

.
Suppose we knew that, in our classification system, males
and females were equally likely, but the cost of an error for
misclassifying a male as a female is twice as great as the
cost of an error for misclassifying a female as a male.
Can you diagram the new decision line?
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More than Two Groups

Suppose you have k > 2 groups, and wish to discriminate
between them.
In this case, Anderson (1984, Chapter 6) has shown that
the Bayes rule for classifying an observation is based on the
same discriminant function defined previously, except now
a pairwise function Wij is computed for all pairs of groups.
The classification rule becomes the following: Assign
observation vector x to population i if Wi ,j > 0∀j 6= i .
It should be noted that Wij = −Wij , and that any k − 1
linearly independent Wij form a basis for the complete set
of statistics if p ≥ (k − 1). If p < (k − 1), then the space of
the Wij will have rank p, and the classification rule can be
specified in terms of p scores.
To compensate for unequal prior probabilities and/or
unequal costs, we utilize the same correction factors for
each Wij that were described for the two-group case.
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More than Two Groups

Consider the case of 3 groups.
The discriminant functions are:

W12 = x ′S−1(x 1 − x 2)−
1

2
(x 1 + x 2)

′S−1(x 1 − x 2)

W13 = x ′S−1(x 1 − x 3)−
1

2
(x 1 + x 3)

′S−1(x 1 − x 3)(5)

W23 = x ′S−1(x 2 − x 3)−
1

2
(x 2 + x 3)

′S−1(x 2 − x 3)

Note that W23 = W13 −W12. Because of this linear
redundancy, we can devise a decision rule using only W12

and W13.
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More than Two Groups

The classification rule is as follows: Classify x as from

Population 1 if W12 > 0 and W13 > 0.
Population 2 if W12 < 0 (i.e.,W21 > 0) and W13 > W12 (i.e,
W23 = W13 −W12 > 0).
Population 3 if W13 < 0 (i.e., W31 > 0) and W13 < W12 (i.e,
W32 = W12 −W13 > 0).
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Canonical Discriminant Functions

With two groups, an alternative way of computing the
(single) classification function is the eigenvector of the
matrix B−1A, where B and A are multivariate
(MANOVA) analogs of sum of squares within and sum of
squares between computed in ANOVA.
Before pursuing this approach, we digress to obtain
background on the meaning of these two matrices, and how
they relate to ANOVA and MANOVA.
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Canonical Discriminant Functions

Let V be the eigenvectors corresponding to the meaningful
eigenvalues of B−1A.
Let W = B/(N − q) be the pooled estimate of the
within-groups covariance matrix.
The “raw” discriminant weights A are normalized so that
v ′Wv = 1 for any column of V . That is,
a i = v i/

√
(v ′iWv i .

Commercial programs print “standardized” weights as an
aid to interpretation. Over the years, there has been
substantial controversy over the proper method to
standardize the weights.
In SPSS and Stata, the rows of A currently are
standardized by multiplying them by the variable standard
deviations computed from W . That is,
As = diag (W )−1/2A.
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