
&KDSWHU��
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8QLYHUVLW\�RI�7H[DV�DW�$XVWLQ

1RQFHQWUDOLW\�EDVHG� FRQILGHQFH� LQWHUYDO� HVWLPDWHV� SURYLGH� D� VXSHULRU� DOWHUQDWLYH

WR�VLJQLILFDQFH�WHVWLQJ�IRU�DVVHVVLQJ�PRGHO�ILW�LQ�PRVW�VWDQGDUG�DUHDV�RI�EHKDYLRUDO

VWDWLVWLFV�� IURP� WKH� W� WHVW� WKURXJK�PXOWLSOH� UHJUHVVLRQ�DQG�DQDO\VLV�RI� YDULDQFH� WR

WKH� DQDO\VLV� RI� FRYDULDQFH� VWUXFWXUHV�� 7KHVH� FRQILGHQFH� LQWHUYDOV� SURYLGH� DOO� WKH

LQIRUPDWLRQ� LQKHUHQW� LQ� D� VLJQLILFDQFH� WHVW�� DQG� PRUH�� DQG� GHDO� ZLWK� VLWXDWLRQV

PRUH�WUDGLWLRQDO�LQWHUYDO�HVWLPDWHV�FDQQRW�KDQGOH��)RU�H[DPSOH��LQ�WKH�DQDO\VLV�RI

YDULDQFH��QRQFHQWUDOLW\�LQWHUYDO�HVWLPDWLRQ�DOORZV�FRPSXWDWLRQ�RI�H[DFW�FRQILGHQFH

LQWHUYDOV�IRU��D��VWDQGDUGL]HG�PHDVXUHV�RI�HIIHFW�VL]H�DQG��E��VWDWLVWLFDO�SRZHU�� ,Q

PXOWLSOH�UHJUHVVLRQ��RQH�FDQ�FRPSXWH�DQ�H[DFW�FRQILGHQFH�LQWHUYDO�RQ�WKH�VTXDUHG

PXOWLSOH�FRUUHODWLRQ��%HFDXVH�RI�FRPSXWDWLRQDO�FRPSOH[LWLHV��QRQFHQWUDOLW\�EDVHG

FRQILGHQFH� LQWHUYDOV� VHOGRP� KDYH� EHHQ� FRPSXWHG�� H[FHSW� LQ� WKH� DQDO\VLV� RI

FRYDULDQFH� VWUXFWXUHV��0RVW�RI� WKH� UHDVRQV� IRU�QRW�XVLQJ� WKHVH� LQWHUYDO� HVWLPDWHV

DUH�QR�ORQJHU�UHOHYDQW�LQ�WKH�PLFURFRPSXWHU�DJH��,Q�WKLV�FKDSWHU��ZH�UHYLHZ�VRPH

RI�WKH�VWDQGDUG�WHFKQLTXHV��DQG�SURYLGH�FRPSXWDWLRQDO�H[DPSOHV�

%HKDYLRUDO� VWDWLVWLFV� KDV� EHHQ�� DQG� FRQWLQXHV� WR� EH�� GRPLQDWHG� E\� WKH� VLJQLIL�

FDQFH� WHVWLQJ� WUDGLWLRQ�� 1HDUO\� HYHU\� PDMRU� WH[WERRN� LQ� EHKDYLRUDO� VWDWLVWLFV

VSHQGV� IDU�PRUH� WLPH� DQG� HQHUJ\� RQ� WKH� WKHRU\� DQG�PHFKDQLFV� RI� VLJQLILFDQFH

WHVWLQJ�WKDQ�RQ�DQ\�RWKHU�WRSLF��3HULRGLFDOO\��VRPH�RI�WKH�PRUH�DXWKRULWDWLYH�ZULW�

HUV� LQ�RXU�ILHOG�KDYH�TXHVWLRQHG� WKLV��7KH� OLVW�RI�QDPHV� LQFOXGHV�PDQ\��&RKHQ�

0HHKO��*XWWPDQ��5R]HERRP��WR�QDPH�MXVW�D�IHZ��ZKR�KDYH�LPSRVLQJ�UHSXWDWLRQV

IRU� WHFKQLFDO� H[SHUWLVH�� EXW� DOVR� VKDUH� D� FRPPRQ� UHSXWDWLRQ� IRU� SHUVSHFWLYH�

PDQLIHVWHG�LQ�DQ�DELOLW\�WR�VRUW�RXW�ZKDW�LV�LPSRUWDQW�DQG�ZKDW�LV�ULJKW�

6RPH�LPSRUWDQW�HDUO\�FRQWULEXWLRQV�WR�WKH�OLWHUDWXUH�RQ�K\SRWKHVLV�WHVWLQJ�DQG

LQWHUYDO� HVWLPDWLRQ� ZHUH� UHYLHZHG� UHFHQWO\� E\� &RKHQ� �������� 0RVW� RI� WKH

DXWKRUV��LQFOXGLQJ�&RKHQ��FRQFHQWUDWH�RQ�WKH�IXQGDPHQWDO�ORJLFDO�SUREOHPV�DQG
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OLPLWDWLRQV�RI�VLJQLILFDQFH�WHVWLQJ��DQG�PDNH�EURDG�VXJJHVWLRQV�IRU�LPSURYLQJ�WKH

VWDWXV�RI�SUDFWLFH��$�NH\�VXJJHVWLRQ�WKDW�KDV�VXUIDFHG�UHSHDWHGO\�LQ�WKHVH�ZULWLQJV

LV�WKDW��DV�DQ�DQDO\WLF�WRRO��WKH�FRQILGHQFH�LQWHUYDO�LV�VXSHULRU�WR�WKH�VLJQLILFDQFH

WHVW�� 6FKPLGW� DQG� +XQWHU� ������� HFKR� WKLV� YLHZ� LQ� FKDSWHU� �� RI� WKLV� YROXPH�

ZKLOH�SURYLGLQJ�D�VXFFLQFW�FULWLTXH�RI�PDQ\�RI� WKH�DUJXPHQWV�RIWHQ�XVHG�WR�GH�

IHQG� VLJQLILFDQFH� WHVWLQJ�� %HFDXVH� ZH� DJUHH� IXQGDPHQWDOO\� ZLWK� PDQ\� RI� WKH

RSLQLRQV� RI�5R]HERRP� ��������0HHKO� ��������*XWWPDQ� ��������&RKHQ� �������

DQG�6FKPLGW�DQG�+XQWHU���������ZH�VHH�QR�QHHG�WR�UHYLHZ�DOO�RI�WKHLU�DUJXPHQWV

KHUH��EXW�WR�NHHS�WKH�DFFRXQW�UHODWLYHO\�VHOI�FRQWDLQHG��ZH�UHYLHZ�D�IHZ�NH\�DG�

YDQWDJHV�RI�FRQILGHQFH� LQWHUYDOV��2XU� IXQGDPHQWDO�FRQWULEXWLRQ��KRZHYHU�� LV� WR

VXJJHVW�D�VLJQLILFDQW�FKDQJH�LQ�WKH�VWDWLVWLFDO�PHWKRGRORJ\�URXWLQHO\�HPSOR\HG�LQ

WKH�PRVW�FRPPRQ�VLWXDWLRQV�LQ�EHKDYLRUDO�VWDWLVWLFV��:H�VXJJHVW�LPSURYHG�WHFK�

QLTXHV�WKDW�ZH�WKLQN�KDYH�UHDO�PHULW��DQG�WKDW��LI�JLYHQ�ZLGH�XVH��RIIHU�VXFK�VXE�

VWDQWLDO� DGYDQWDJHV� WKDW� WKH\� ZLOO� VXUHO\� DFFHOHUDWH� WKH� DVFHQGDQF\� RI� LQWHUYDO

HVWLPDWLRQ�� 6RPH� RI� WKHVH� LPSOHPHQWDWLRQV� �VXFK� DV� WKH� QRQFHQWUDOLW\�EDVHG

WHFKQLTXHV�LQ�VWUXFWXUDO�PRGHOLQJ��DUH�UHODWLYHO\�QHZ�EXW�DOUHDG\�TXLWH�SRSXODU�

6RPH�DUH�ROG��EXW�KDUGO\�HYHU�GLVFXVVHG� LQ� WH[WERRNV��$OO� RIIHU� VXEVWDQWLDO� DG�

YDQWDJHV�RYHU� WKH�VLJQLILFDQFH�WHVWV��DQG�LQ�VRPH�FDVHV�RYHU�RWKHU� LQWHUYDO�HVWL�

PDWHV� FXUUHQWO\� LQ� XVH�� $OO� DUH� FRPSXWHU� LQWHQVLYH�� DQG� UHTXLUH� YHU\� FDUHIXO

VRIWZDUH� LPSOHPHQWDWLRQ��7KLV� ODWWHU� IDFW� H[SODLQV�ZK\� WKH\� KDYH� VHOGRP�EHHQ

HPSOR\HG��EXW�ZK\�WKHLU�WLPH�ILQDOO\�PD\�KDYH�DUULYHG�

:H�EHJLQ�E\� UHYLHZLQJ�D� VLWXDWLRQ� IDPLOLDU� WR�XV�DOO¥WKH�VLPSOH� WZR�JURXS

H[SHULPHQW�EDVHG�RQ�WZR�LQGHSHQGHQW�VDPSOHV��:H�UHYLHZ�WKH�VWDQGDUG�LQWHUYDO

HVWLPDWLRQ�SURFHGXUHV��WKHQ�GLVFXVV�DQ�DOWHUQDWLYH�VWDQGDUGL]HG�FRQILGHQFH�LQWHU�

YDO�GLVFXVVHG�E\�+HGJHV�DQG�2ONLQ���������EXW�QRW�FRPSXWDWLRQDOO\�SUDFWLFDO�DW

WKH�WLPH�WKHLU�ERRN�ZDV�ZULWWHQ��:H�VKRZ�ZK\�WKLV�LQWHUYDO�HVWLPDWLRQ�DSSURDFK

LV�VXSHULRU��QRW�RQO\�WR�WKH�VWDQGDUG�W�WHVW��EXW�DOVR�WR�WKH�VWDQGDUG�FRQILGHQFH�LQ�

WHUYDO� RQ� PHDQ� GLIIHUHQFHV� GLVFXVVHG� LQ� WH[WERRNV�� :H� WKHQ� H[WHQG� WKLV� LGHD

WKURXJK�WKH�DQDO\VLV�RI�YDULDQFH��WR�WKH�DQDO\VLV�RI�FRYDULDQFH�VWUXFWXUHV��WR�PXO�

WLSOH�UHJUHVVLRQ�DQG�EH\RQG��6R�RXU�VFRSH�LV�TXLWH�EURDG��$OPRVW�DOO�WKH�VLJQLIL�

FDQFH� WHVWLQJ� SURFHGXUHV� FXUUHQWO\� UHFRPPHQGHG� LQ�PDMRU� EHKDYLRUDO� VWDWLVWLFV

ERRNV� FRXOG� EH� UHSODFHG�ZLWK� WKH� VXSHULRU� FRQILGHQFH� LQWHUYDO� DSSURDFKHV� ZH

GLVFXVV�KHUH�

86(�$1'�$%86(�2)�6,*1,),&$1&(�7(67,1*�/2*,&

,Q� WKLV� VHFWLRQ�� ZH� DUJXH�� DV� GR� QXPHURXV� FROOHDJXHV�� WKDW� VLJQLILFDQFH� WHVWV�

WKRXJK�DOPRVW�DOZD\V�UHSRUWHG�LQ�WKH�DQDO\VLV�RI�VRFLDO�VFLHQFH�GDWD��DUH�VHOGRP

WR�EH�SUHIHUUHG��DQG�RIWHQ�VLPSO\�LQDSSURSULDWH��:H�EHJLQ�E\�UHWXUQLQJ�EULHIO\�WR

ILUVW� SULQFLSOHV�� 6XSSRVH�ZH� DUH� SHUIRUPLQJ� D� VLPSOH� WZR�JURXS� H[SHULPHQW� LQ
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ZKLFK� DQ� H[SHULPHQWDO� JURXS� LV� FRPSDUHG� WR� D� FRQWURO� JURXS�� 7KH� WKHRUHWLFDO

TXHVWLRQ� RI� LQWHUHVW� LV� IUHTXHQWO\� SKUDVHG� DV�� ¦+DV� WKH� H[SHULPHQWDO� WUHDWPHQW

PDGH�DQ\�GLIIHUHQFH"§

,Q�WKLV�FDVH��WKH�VWDWLVWLFDO�QXOO�DQG�DOWHUQDWLYH�K\SRWKHVHV�DUH

+ +� � � � � �� � �µ µ µ µ= ≠

:H� WHVW� WKLV� K\SRWKHVLV�� LQ� SUDFWLFH�� E\� WDNLQJ� WZR� VDPSOHV�� RIWHQ� �EXW� QRW

QHFHVVDULO\��RI�HTXDO�VL]H��DQG�FRPSXWLQJ�D�WZR��LQGHSHQGHQW��VDPSOH�6WXGHQW©V�W

VWDWLVWLF��,I�WKH�VWDWLVWLF©V�DEVROXWH�YDOXH�LV�VXIILFLHQWO\�ODUJH��ZH�UHMHFW�+���2WKHU�

ZLVH��ORRVHO\�VSHDNLQJ��ZH�¦DFFHSW§��RU��SHUKDSV�PRUH�DSSURSULDWHO\��¦IDLO�WR�UH�

MHFW§��+��

%DFN� LQ�RXU�XQGHUJUDGXDWH�VWDWLVWLFV�FRXUVH��ZH�ZHUH� WDXJKW� WKDW�� LQ� WKH� VLJ�

QLILFDQFH� WHVWLQJ� DSSURDFK�� IRXU� WKLQJV� FDQ� KDSSHQ�� WZR� RI� WKHP� EDG�� :H� DOO

PHPRUL]HG�D�OLWWOH�� �× �WDEOH�WKDW�VXPPDUL]HG�WKH�SRVVLELOLWLHV�DQG�DWWDFKHG�VWD�

WLVWLFDO�MDUJRQ�WR�WKHP��6HH�7DEOH������

0RVW� RI� XV�ZHUH� VWHHSHG� LQ� WKH� JUDQG� WUDGLWLRQ� RI� (GXFDWLRQDO� DQG� 3V\FKR�

ORJLFDO�6WDWLVWLFV��L�H���WKDW�D ��WKH�7\SH�,�HUURU�UDWH��PXVW�EH�NHSW�DW�RU�EHORZ�����

DQG�WKDW��LI�DW�DOO�SRVVLEOH��E� � WKH�7\SH�,,�HUURU�UDWH��PXVW�EH�NHSW�ORZ�DV�ZHOO�

7KH�FRQYHQWLRQV�DUH��RI�FRXUVH��PXFK�PRUH�ULJLG�ZLWK�UHVSHFW�WR�D  WKDQ�ZLWK

UHVSHFW�WR�E ��6HOGRP��LI�HYHU��LV�D �DOORZHG�WR�VWUD\�DERYH�WKH�PDJLFDO�����PDUN�

/HW©V�UHYLHZ�ZKHUH�WKDW�WUDGLWLRQ�FDPH�IURP�

,Q�WKH�FRQWH[W�RI�VLJQLILFDQFH�WHVWLQJ��ZH�FDQ�GHILQH�WZR�EDVLF�NLQGV�RI�VLWXD�

WLRQV�� UHMHFW�VXSSRUW� �56�� DQG� DFFHSW�VXSSRUW� �$6��� ,Q�56� WHVWLQJ�� WKH� QXOO� K\�

SRWKHVLV�LV�WKH�RSSRVLWH�RI�ZKDW�WKH�UHVHDUFKHU�DFWXDOO\�EHOLHYHV��DQG�UHMHFWLQJ�LW

VXSSRUWV�WKH�UHVHDUFKHU©V�WKHRU\��,Q�D�WZR�JURXS�56�H[SHULPHQW��WKH�H[SHULPHQWHU

EHOLHYHV� WKH� WUHDWPHQW�KDV� DQ� HIIHFW�� DQG� VHHNV� WR� FRQILUP� LW� WKURXJK� D� VLJQLIL�

FDQFH�WHVW�WKDW�UHMHFWV�WKH�QXOO�K\SRWKHVLV�

7$%/(����

� �× �7DEOH�IRU�6WDWLVWLFDO�'HFLVLRQV

6WDWH�RI�WKH�:RUOG

+� +�

'HFLVLRQ

+�
&RUUHFW

$FFHSWDQFH
7\SH�,,�(UURU

E

+�
7\SH�,�(UURU

D

&RUUHFW
5HMHFWLRQ
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�,Q�WKH�56�VLWXDWLRQ��D�7\SH�,�HUURU�UHSUHVHQWV��LQ�D�VHQVH��D�¦IDOVH�SRVLWLYH§�IRU

WKH� UHVHDUFKHU©V� WKHRU\��)URP�VRFLHW\©V� VWDQGSRLQW�� VXFK� IDOVH�SRVLWLYHV�DUH�SDU�

WLFXODUO\� XQGHVLUDEOH�� 7KH\� UHVXOW� LQ� PXFK� ZDVWHG� HIIRUW�� HVSHFLDOO\� ZKHQ� WKH

IDOVH�SRVLWLYH� LV� LQWHUHVWLQJ� IURP�D� WKHRUHWLFDO� RU� SROLWLFDO� VWDQGSRLQW� �RU� ERWK��

DQG�DV�D� UHVXOW� VWLPXODWHV�D�VXEVWDQWLDO� DPRXQW�RI� UHVHDUFK��6XFK� IROORZ�XS� UH�

VHDUFK�ZLOO�XVXDOO\�QRW�UHSOLFDWH�WKH��LQFRUUHFW��RULJLQDO�ZRUN��DQG�PXFK�FRQIX�

VLRQ�DQG�IUXVWUDWLRQ�ZLOO�UHVXOW�

,Q�56� WHVWLQJ�� D�7\SH� ,,� HUURU� LV� D� WUDJHG\� IURP� WKH� UHVHDUFKHU©V� VWDQGSRLQW�

EHFDXVH�D�WKHRU\�WKDW�LV�WUXH�LV��E\�PLVWDNH��QRW�FRQILUPHG��6R��IRU�H[DPSOH��LI�D

GUXJ�GHVLJQHG�WR�LPSURYH�D�PHGLFDO�FRQGLWLRQ�LV�IRXQG��LQFRUUHFWO\��QRW�WR�SUR�

GXFH�DQ� LPSURYHPHQW� UHODWLYH� WR�D�FRQWURO�JURXS��D�ZRUWKZKLOH� WKHUDS\�ZLOO�EH

ORVW�� DW� OHDVW� WHPSRUDULO\�� DQG� DQ� H[SHULPHQWHU©V� ZRUWKZKLOH� LGHD� ZLOO� EH� GLV�

FRXQWHG�

$V�D�FRQVHTXHQFH��LQ�56�WHVWLQJ��VRFLHW\��LQ�WKH�SHUVRQ�RI�MRXUQDO�HGLWRUV�DQG

UHYLHZHUV�� LQVLVWV� RQ� NHHSLQJ�D� ORZ��7KH� VWDWLVWLFDOO\�ZHOO�LQIRUPHG� UHVHDUFKHU

PDNHV� LW� D� WRS� SULRULW\� WR� NHHS�E� ORZ� DV�ZHOO��8OWLPDWHO\�� RI� FRXUVH�� HYHU\RQH

EHQHILWV�LI�ERWK�HUURU�SUREDELOLWLHV�DUH�NHSW�ORZ��EXW�XQIRUWXQDWHO\�WKHUH�LV�RIWHQ�

LQ�SUDFWLFH��D�WUDGH�RII�EHWZHHQ�WKH�WZR�W\SHV�RI�HUURU�

7KH�56�VLWXDWLRQ�LV�E\�IDU� WKH�PRUH�FRPPRQ�RQH��DQG�WKH�FRQYHQWLRQV� UHOH�

YDQW�WR�LW�KDYH�FRPH�WR�GRPLQDWH�SRSXODU�YLHZV�RQ�VWDWLVWLFDO�WHVWLQJ��$V�D�UHVXOW�

WKH�SUHYDLOLQJ�YLHZV�RQ�HUURU�UDWHV�DUH� WKDW�UHOD[LQJ�D�EH\RQG�D�FHUWDLQ�OHYHO� LV

XQWKLQNDEOH��DQG�WKDW�LW�LV�XS�WR�WKH�UHVHDUFKHU�WR�PDNH�VXUH�VWDWLVWLFDO�SRZHU�LV

DGHTXDWH��2QH�PLJKW�DUJXH�KRZ�DSSURSULDWH�WKHVH�YLHZV�DUH�LQ�WKH�FRQWH[W�RI�56

WHVWLQJ��EXW�WKH\�DUH�QRW�DOWRJHWKHU�XQUHDVRQDEOH�

,Q�$6�WHVWLQJ��WKH�FRPPRQ�YLHZ�RQ�HUURU�UDWHV�ZH�GHVFULEHG�DERYH�LV�FOHDUO\

LQDSSURSULDWH��,Q�$6�WHVWLQJ��+�� LV�ZKDW� WKH�UHVHDUFKHU�DFWXDOO\�EHOLHYHV��VR�DF�

FHSWLQJ�LW�VXSSRUWV�WKH�UHVHDUFKHU©V�WKHRU\��,Q�WKLV�FDVH��D�7\SH�,�HUURU�LV�D�IDOVH

QHJDWLYH�IRU�WKH�UHVHDUFKHU©V�WKHRU\��DQG�D�7\SH�,,�HUURU�FRQVWLWXWHV�D�IDOVH�SRVL�

WLYH��&RQVHTXHQWO\��DFWLQJ�LQ�D�ZD\�WKDW�PLJKW�EH�FRQVWUXHG�DV�KLJKO\�YLUWXRXV�LQ

WKH�56�VLWXDWLRQ��IRU�H[DPSOH��PDLQWDLQLQJ�D�YHU\�ORZ�7\SH�,�HUURU�UDWH�OLNH������

LV�DFWXDOO\�¦VWDFNLQJ�WKH�GHFN§�LQ�IDYRU�RI�WKH�UHVHDUFKHU©V�WKHRU\�LQ�$6�WHVWLQJ�

,Q�ERWK�$6�DQG�56�VLWXDWLRQV��LW�LV�HDV\�WR�ILQG�H[DPSOHV�ZKHUH�VLJQLILFDQFH

WHVWLQJ� VHHPV�VWUDLQHG�DQG�XQUHDOLVWLF��&RQVLGHU� ILUVW� WKH�56� VLWXDWLRQ�� ,Q� VRPH

VXFK�VLWXDWLRQV��LW�LV�VLPSO\�QRW�SRVVLEOH�WR�KDYH�YHU\�ODUJH�VDPSOHV��$Q�H[DPSOH

WKDW�FRPHV�WR�PLQG�LV�VRFLDO�RU�FOLQLFDO�SV\FKRORJLFDO�ILHOG�UHVHDUFK��5HVHDUFKHUV

LQ� WKHVH� ILHOGV� VRPHWLPHV� VSHQG� VHYHUDO� GD\V� LQWHUYLHZLQJ� D� VLQJOH� VXEMHFW�� $

\HDU©V�UHVHDUFK�PD\�RQO\�\LHOG�YDOLG�GDWD�IURP����VXEMHFWV��&RUUHODWLRQDO�WHVWV��LQ

SDUWLFXODU��KDYH�YHU\�ORZ�SRZHU�ZKHQ�VDPSOHV�DUH�WKDW�VPDOO��,Q�VXFK�D�FDVH�� LW

SUREDEO\�PDNHV�VHQVH�WR�UHOD[�α �EH\RQG������LI�LW�PHDQV�WKDW�UHDVRQDEOH�SRZHU

FDQ�EH�DFKLHYHG�
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2Q�WKH�RWKHU�KDQG��LW�LV�SRVVLEOH��LQ�DQ�LPSRUWDQW�VHQVH��WR�KDYH�SRZHU�WKDW�LV

WRR� KLJK�� )RU� H[DPSOH�� RQH�PLJKW� EH� WHVWLQJ� WKH� K\SRWKHVLV� WKDW�P ��  �P ��
ZLWK

VDPSOH�VL]HV�RI�D�PLOOLRQ�LQ�HDFK�JURXS��,Q�WKLV�FDVH��HYHQ�ZLWK�WULYLDO�GLIIHUHQFHV

EHWZHHQ�JURXSV��WKH�QXOO�K\SRWKHVLV�ZRXOG�YLUWXDOO\�DOZD\V�EH�UHMHFWHG�

7KH�VLWXDWLRQ�EHFRPHV�HYHQ�PRUH�XQQDWXUDO� LQ�$6� WHVWLQJ��+HUH�� LI�Q� LV� WRR

KLJK�� WKH� UHVHDUFKHU� DOPRVW� LQHYLWDEO\�GHFLGHV� DJDLQVW� WKH� WKHRU\�� HYHQ�ZKHQ� LW

WXUQV�RXW��LQ�DQ�LPSRUWDQW�VHQVH��WR�EH�DQ�H[FHOOHQW�DSSUR[LPDWLRQ�WR�WKH�GDWD��,W

VHHPV� SDUDGR[LFDO� LQGHHG� WKDW� LQ� WKLV� FRQWH[W� H[SHULPHQWDO� SUHFLVLRQ� VHHPV� WR

ZRUN�DJDLQVW�WKH�UHVHDUFKHU�

7R�VXPPDUL]H��LQ�56�UHVHDUFK�

��� 7KH�UHVHDUFKHU�ZDQWV�WR�UHMHFW�+��

��� 6RFLHW\�ZDQWV�WR�FRQWURO�7\SH�,�HUURU�

��� 7KH�UHVHDUFKHU�PXVW�EH�YHU\�FRQFHUQHG�DERXW�7\SH�,,�HUURU�

��� +LJK�VDPSOH�VL]H�ZRUNV�IRU�WKH�UHVHDUFKHU�

��� ,I�WKHUH�LV��¦WRR�PXFK�SRZHU�§�WULYLDO�HIIHFWV�EHFRPH�¦KLJKO\�VLJQLILFDQW�§

,Q�$6�UHVHDUFK�

��� 7KH�UHVHDUFKHU�ZDQWV�WR�DFFHSW�+��

��� ¦6RFLHW\§�VKRXOG�EH�ZRUU\LQJ�DERXW�FRQWUROOLQJ�7\SH� ,,� HUURU�� DOWKRXJK� LW

VRPHWLPHV� JHWV� FRQIXVHG� DQG� UHWDLQV� WKH� FRQYHQWLRQV� DSSOLFDEOH� WR� 56

WHVWLQJ�

��� 7KH�UHVHDUFKHU�PXVW�EH�YHU\�FDUHIXO�WR�FRQWURO�7\SH�,�HUURU�

��� +LJK�VDPSOH�VL]H�ZRUNV�DJDLQVW�WKH�UHVHDUFKHU�

��� ,I�WKHUH�LV�¦WRR�PXFK�SRZHU�§�WKH�UHVHDUFKHU©V�WKHRU\�FDQ�EH�¦UHMHFWHG§�E\�D

VLJQLILFDQFH�WHVW�HYHQ�WKRXJK�LW�ILWV�WKH�GDWD�DOPRVW�SHUIHFWO\�

6WULFWO\�VSHDNLQJ��WKH�RXWFRPH�RI�D�VLJQLILFDQFH�WHVW�LV�WKH�GLFKRWRPRXV�GHFL�

VLRQ�ZKHWKHU�RU�QRW� WR� UHMHFW� WKH�QXOO� K\SRWKHVLV��7KLV�GLFKRWRP\� LV� LQKHUHQWO\

GLVVDWLVI\LQJ� WR� SV\FKRORJLVWV� DQG� HGXFDWRUV�� ZKR� IUHTXHQWO\� XVH� WKH� QXOO� K\�

SRWKHVLV�DV�D�VWDWHPHQW�RI�QR�HIIHFW��DQG�DUH�PRUH�LQWHUHVWHG�LQ�NQRZLQJ�KRZ�ELJ

DQ�HIIHFW�LV�WKDQ�ZKHWKHU�LW�LV��SUHFLVHO\��]HUR��7KLV�KDV�OHG�WR�EHKDYLRU�OLNH�SXW�

WLQJ�RQH��WZR��RU�WKUHH�DVWHULVNV�QH[W�WR�UHVXOWV�LQ�WDEOHV��RU�OLVWLQJ�S�OHYHOV�QH[W�WR

UHVXOWV��ZKHQ��LQ�IDFW��VXFK�QXPEHUV��DFURVV��RU�VRPHWLPHV�HYHQ�ZLWKLQ���VWXGLHV

QHHG� QRW� EH�PRQRWRQLFDOO\� UHODWHG� WR� WKH� EHVW� HVWLPDWHV� RI� VWUHQJWK� RI� H[SHUL�

PHQWDO� HIIHFWV�� DQG� KHQFH� FDQ� EH� H[WUHPHO\� PLVOHDGLQJ�� 6RPH� ZULWHUV� �H�J��

*XWWPDQ��������YLHZ�DVWHULVN�SODFLQJ�EHKDYLRU�DV�LQFRQVLVWHQW�ZLWK�WKH�IRXQGD�

WLRQV�RI�VLJQLILFDQFH�WHVWLQJ�ORJLF�

3UREDELOLW\� OHYHOV� FDQ� GHFHLYH� DERXW� WKH� ¦VWUHQJWK§� RI� D� UHVXOW�� HVSHFLDOO\

ZKHQ�SUHVHQWHG�ZLWKRXW�VXSSRUWLQJ�LQIRUPDWLRQ��)RU�H[DPSOH��LI��LQ�DQ�$129$
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WDEOH��RQH�HIIHFW�KDG�D�S�OHYHO�RI�������DQG�WKH�RWKHU�D�S�OHYHO�RI�������LW�PLJKW�EH

DQ�HUURU�WR�FRQFOXGH�WKDW�WKH�VWDWLVWLFDO�HYLGHQFH�VXSSRUWHG�WKH�YLHZ�WKDW�WKH�ILUVW

HIIHFW�ZDV�VWURQJHU� WKDQ�WKH�VHFRQG��$�PHDQLQJIXO� LQWHUSUHWDWLRQ�ZRXOG�UHTXLUH

DGGLWLRQDO�LQIRUPDWLRQ��7R�VHH�ZK\��VXSSRVH�VRPHRQH�UHSRUWV�D�S� OHYHO�RI� �����

7KLV�FRXOG�EH�UHSUHVHQWDWLYH�RI�D�WULYLDO�SRSXODWLRQ�HIIHFW�FRPELQHG�ZLWK�D�KXJH

VDPSOH�VL]H��RU�D�SRZHUIXO�SRSXODWLRQ�HIIHFW�FRPELQHG�ZLWK�D�PRGHUDWH�VDPSOH

VL]H��RU�D�KXJH�SRSXODWLRQ�HIIHFW�ZLWK�D�VPDOO�VDPSOH��6LPLODUO\�D�S�OHYHO�RI�����

FRXOG�UHSUHVHQW�D�SRZHUIXO�HIIHFW�RSHUDWLQJ�ZLWK�D�VPDOO�VDPSOH��RU�D�WLQ\�HIIHFW

ZLWK�D�KXJH�VDPSOH��&OHDUO\�WKHQ��ZH�QHHG�WR�EH�FDUHIXO�ZKHQ�FRPSDULQJ�S�OHY�

HOV�

,Q�$6�WHVWLQJ��ZKLFK�RFFXUV�IUHTXHQWO\�LQ�WKH�FRQWH[W�RI�PRGHO�ILWWLQJ�LQ�IDF�

WRU�DQDO\VLV�RU�¦FDXVDO�PRGHOLQJ�§�VLJQLILFDQFH�WHVWLQJ�ORJLF�LV�EDVLFDOO\�LQDSSUR�

SULDWH��5HMHFWLRQ�RI�DQ�¦DOPRVW�WUXH§�QXOO�K\SRWKHVLV�LQ�VXFK�VLWXDWLRQV�IUHTXHQWO\

KDV�EHHQ�IROORZHG�E\�YDJXH�VWDWHPHQWV�WKDW�WKH�UHMHFWLRQ�VKRXOGQ©W�EH�WDNHQ�WRR

VHULRXVO\��)DLOXUH�WR�UHMHFW�D�QXOO�K\SRWKHVLV�XVXDOO\�UHVXOWV�LQ�D�GHPDQG�IRU�FXP�

EHUVRPH�SRZHU�FDOFXODWLRQV�E\�D�YLJLODQW� MRXUQDO�HGLWRU��6XFK�SUREOHPV�FDQ�EH

DYRLGHG�E\�XVLQJ�FRQILGHQFH�LQWHUYDOV�

7+(�9$/8(�2)�,17(59$/�(67,0$7(6

0XFK�SV\FKRORJLFDO�UHVHDUFK�LV�H[SORUDWRU\��7KH�IXQGDPHQWDO�TXHVWLRQV�ZH�DUH

XVXDOO\�DVNLQJ�DUH�¦:KDW�LV�RXU�EHVW�JXHVV�IRU�WKH�VL]H�RI�WKH�SRSXODWLRQ�HIIHFW"§

DQG� ¦+RZ� SUHFLVHO\� KDYH� ZH� GHWHUPLQHG� WKH� SRSXODWLRQ� HIIHFW� VL]H� IURP� RXU

VDPSOH�GDWD"§�6LJQLILFDQFH�WHVWLQJ�IDLOV�WR�DQVZHU�WKHVH�TXHVWLRQV�GLUHFWO\��0DQ\

D�UHVHDUFKHU��IDFHG�ZLWK�DQ�¦RYHUZKHOPLQJ�UHMHFWLRQ§�RI�D�QXOO�K\SRWKHVLV��FDQ�

QRW� UHVLVW� WKH� WHPSWDWLRQ� WR� UHSRUW� WKDW� LW�ZDV�¦VLJQLILFDQW�ZHOO�EH\RQG� WKH� ����

OHYHO�§�<HW�ZH�KDYH�VHHQ�SUHYLRXVO\��DQG�GHPRQVWUDWH�FRQFOXVLYHO\�ZLWK�QXPHUL�

FDO�H[DPSOHV�LQ�D�VXEVHTXHQW�VHFWLRQ��WKDW�D�S�OHYHO�IROORZLQJ�D�VLJQLILFDQFH�WHVW

FDQ�EH�D�SRRU�YHKLFOH�IRU�FRQYH\LQJ�ZKDW�ZH�KDYH�OHDUQHG�DERXW�WKH�VWUHQJWK�RI

SRSXODWLRQ�HIIHFWV�

&RQILGHQFH� LQWHUYDO� HVWLPDWLRQ� SURYLGHV� D� FRQYHQLHQW� DOWHUQDWLYH� WR� VLJQLIL�

FDQFH� WHVWLQJ� LQ�PRVW� VLWXDWLRQV��&RQVLGHU� WKH� ��WDLOHG� K\SRWKHVLV� RI� QR� GLIIHU�

HQFH�EHWZHHQ�PHDQV��5HFDOO� ILUVW� WKDW� WKH� VLJQLILFDQFH� WHVW� UHMHFWV�DW� WKH�D � VLJ�

QLILFDQFH�OHYHO�LI�DQG�RQO\�LI�WKH���� �D �FRQILGHQFH�LQWHUYDO�IRU� WKH�PHDQ�GLIIHU�

HQFH��H[FOXGHV�WKH�YDOXH�]HUR��7KXV�WKH�VLJQLILFDQFH�WHVW�FDQ�EH�SHUIRUPHG�ZLWK

WKH� FRQILGHQFH� LQWHUYDO��0RVW�XQGHUJUDGXDWH� WH[WV� LQ�EHKDYLRUDO� VWDWLVWLFV� VKRZ

KRZ�WR�FRPSXWH�VXFK�D�FRQILGHQFH�LQWHUYDO��7KH� LQWHUYDO� LV�H[DFW�XQGHU� WKH�DV�

VXPSWLRQV�RI� WKH� VWDQGDUG� W� WHVW��+RZHYHU�� WKH�FRQILGHQFH� LQWHUYDO� FRQWDLQV� LQ�

IRUPDWLRQ�DERXW�H[SHULPHQWDO�SUHFLVLRQ�WKDW�LV�QRW�DYDLODEOH�IURP�WKH�UHVXOW�RI�D

VLJQLILFDQFH�WHVW��$VVXPLQJ�ZH�DUH�UHDVRQDEO\�FRQILGHQW�DERXW�WKH�PHWULF�RI�WKH
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GDWD��LW�LV�PXFK�PRUH�LQIRUPDWLYH�WR�VWDWH�D�FRQILGHQFH�LQWHUYDO�RQ�P ��� �P ��WKDQ

LW�LV�WR�JLYH�WKH�S�OHYHO�IRU�WKH�W� WHVW�RI�WKH�K\SRWKHVLV�WKDW�P ��� �P �� ����,Q�VXP�

PDU\��ZH�PLJKW�VD\�WKDW��LQ�JHQHUDO��D�FRQILGHQFH�LQWHUYDO��FRQYH\V�PRUH�LQIRU�

PDWLRQ�� LQ� D�PRUH� QDWXUDOO\� XVDEOH� IRUP�� WKDQ� D� VLJQLILFDQFH� WHVW�� 7KLV� LV� VHHQ

PRVW�FOHDUO\�ZKHQ�FRQILGHQFH�LQWHUYDOV�IURP�VHYHUDO�VWXGLHV�DUH�JUDSKHG�DORQJ�

VLGH�RQH�DQRWKHU��DV�LQ�)LJXUH�����

)LJXUH�����VKRZV�FRQILGHQFH�LQWHUYDOV�IRU�WKH�GLIIHUHQFH�EHWZHHQ�PHDQV�IRU��

H[SHULPHQWV�� DOO� SHUIRUPHG� LQ� WKH� VDPH�GRPDLQ�� XVLQJ�PHDVXUHV�ZLWK� DSSUR[L�

PDWHO\�WKH�VDPH�YDULDELOLW\��([SHULPHQWV���DQG���\LHOG�D�FRQILGHQFH�LQWHUYDO�WKDW

IDLOV� WR� LQFOXGH� ]HUR�� )RU� WKHVH� H[SHULPHQWV�� WKH� QXOO� K\SRWKHVLV� ZDV� UHMHFWHG�

7KH� VHFRQG� H[SHULPHQW� \LHOGV� D� FRQILGHQFH� LQWHUYDO� WKDW� LQFOXGHV� ]HUR�� VR� WKH

QXOO�K\SRWKHVLV�RI�QR�GLIIHUHQFH�LV�QRW�UHMHFWHG��$�VLJQLILFDQFH�WHVWLQJ�DSSURDFK

ZRXOG� \LHOG� WKH� LPSUHVVLRQ� WKDW� WKH� VHFRQG� H[SHULPHQW� GLG� QRW� DJUHH�ZLWK� WKH

ILUVW�DQG�WKH�WKLUG�

7KH�FRQILGHQFH�LQWHUYDOV�VXJJHVW�D�GLIIHUHQW�LQWHUSUHWDWLRQ��KRZHYHU��7KH�ILUVW

H[SHULPHQW� KDG� D� YHU\� ODUJH� VDPSOH� VL]H�� DQG� YHU\� KLJK� SUHFLVLRQ� RI�PHDVXUH�

PHQW��UHIOHFWHG�LQ�D�YHU\�QDUURZ�FRQILGHQFH�LQWHUYDO��,Q�WKLV�H[SHULPHQW��D�VPDOO

HIIHFW�ZDV�IRXQG��DQG�GHWHUPLQHG�ZLWK�VXFK�KLJK�SUHFLVLRQ�WKDW�WKH�QXOO�K\SRWKH�

VLV�RI�QR�GLIIHUHQFH�FRXOG�EH�UHMHFWHG�DW�D�VWULQJHQW�VLJQLILFDQFH�OHYHO�

��

�

�

�

�

�

��

��

([SHULPHQW��

([SHULPHQW��

([SHULPHQW��

),*85(���� &RQILGHQFH� LQWHUYDOV� UHIOHFWLQJ� GLIIHUHQW� GHJUHHV� RI� SUHFLVLRQ

RI�PHDVXUHPHQW�
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7KH� VHFRQG�H[SHULPHQW� FOHDUO\� ODFNHG�SUHFLVLRQ�� DQG� WKLV� LV� UHIOHFWHG� LQ� WKH

YHU\�ZLGH�FRQILGHQFH�LQWHUYDO��(YLGHQWO\��WKH�VDPSOH�VL]H�ZDV�WRR�VPDOO��,W�PD\

ZHOO�EH�WKDW�WKH�DFWXDO�HIIHFW�LQ�FRQGLWLRQV�DVVHVVHG�LQ�WKH�VHFRQG�H[SHULPHQW�ZDV

ODUJHU�WKDQ�WKDW�LQ�WKH�ILUVW�H[SHULPHQW��EXW�WKH�H[SHULPHQWDO�SUHFLVLRQ�ZDV�VLP�

SO\�LQDGHTXDWH�WR�GHWHFW�LW�

7KH� WKLUG� H[SHULPHQW� IRXQG� DQ� HIIHFW� WKDW� ZDV� VWDWLVWLFDOO\� VLJQLILFDQW�� DQG

SHUKDSV� VXEVWDQWLDOO\� KLJKHU� WKDQ� WKH� ILUVW� H[SHULPHQW�� DOWKRXJK� WKLV� LV� SDUWO\

PDVNHG�E\� WKH� ORZHU� OHYHO�RI�SUHFLVLRQ�� UHIOHFWHG� LQ�D�FRQILGHQFH� LQWHUYDO� WKDW�

WKRXJK�QDUURZHU�WKDQ�([SHULPHQW����LV�VXEVWDQWLDOO\�ZLGHU�WKDQ�([SHULPHQW���

6XSSRVH� WKH���H[SHULPHQWV� LQYROYHG� WHVWLQJ�JURXSV�IRU�GLIIHUHQFHV� LQ� ,4�� ,Q

WKH�ILQDO�DQDO\VLV��ZH�PD\�KDYH�KDG�WRR�PXFK�SRZHU�LQ�([SHULPHQW����DV�ZH�DUH

GHFODULQJ�¦KLJKO\�VLJQLILFDQW§�D� UDWKHU�PLQLVFXOH�HIIHFW�VXEVWDQWLDOO\� OHVV� WKDQ�D

VLQJOH� ,4� SRLQW�� :H� KDG� IDU� WRR� OLWWOH� SRZHU� LQ� ([SHULPHQW� ��� ([SHULPHQW� �

VHHPV�DERXW�ULJKW�

0DQ\�RI�WKH�DUJXPHQWV�ZH�KDYH�PDGH�RQ�EHKDOI�RI�FRQILGHQFH�LQWHUYDOV�KDYH

EHHQ�PDGH�E\�RWKHU�DXWKRUV�DV�FRJHQWO\�DV�ZH�KDYH�PDGH�WKHP�KHUH��<HW��FRQIL�

GHQFH� LQWHUYDOV� DUH� VHOGRP� UHSRUWHG� LQ� WKH� OLWHUDWXUH�� 0RVW� LPSRUWDQW�� DV� ZH

GHPRQVWUDWH�LQ�WKH�VXFFHHGLQJ�VHFWLRQV��WKHUH�DUH�VHYHUDO�H[WUHPHO\�XVHIXO�FRQIL�

GHQFH�LQWHUYDOV�WKDW�YLUWXDOO\�QHYHU�DUH�UHSRUWHG��,Q�ZKDW�IROORZV��ZH�GLVFXVV�ZK\

WKH� LQWHUYDOV� DUH� VHOGRP� UHSRUWHG��KRZ� WKH\� FDQ� EH� FRPSXWHG�� DQG�ZKHUH� VRIW�

ZDUH�SHUIRUPLQJ�DOO�WKHVH�WHFKQLTXHV�PD\�EH�REWDLQHG�

5($6216�:+<�,17(59$/�(67,0$7(6�$5(�6(/'20�5(3257('

,Q� VSLWH� RI� WKH� REYLRXV� DGYDQWDJHV� RI� LQWHUYDO� HVWLPDWHV�� WKH\� DUH� VHOGRP� HP�

SOR\HG�LQ�SXEOLVKHG�DUWLFOHV�LQ�SV\FKRORJ\��2Q�WKRVH�LQIUHTXHQW�RFFDVLRQV�ZKHQ

LQWHUYDO� HVWLPDWHV� DUH� UHSRUWHG�� WKH\� DUH� RIWHQ� QRW� WKH� RSWLPDO� RQHV�� 7KHUH� DUH

VHYHUDO�UHDVRQV�IRU�WKLV�VWDWXV�TXR�

��� 7UDGLWLRQ�� 7UDGLWLRQDO� DSSURDFKHV� WR� SV\FKRORJLFDO� VWDWLVWLFV� HPSKDVL]H

VLJQLILFDQFH�WHVWLQJ�PXFK�PRUH�WKDQ�LQWHUYDO�HVWLPDWLRQ�

��� 3UDJPDWLVP�� ,Q� 56� VLWXDWLRQV�� LQWHUYDO� HVWLPDWHV� DUH� VRPHWLPHV� HPEDU�

UDVVLQJ�� :KHQ� WKH\� DUH� QDUURZ� EXW� FORVH� WR� ]HUR�� WKH\� VXJJHVW� WKDW� D

¦KLJKO\�VLJQLILFDQW§�UHVXOW�PD\�EH�VWDWLVWLFDOO\�VLJQLILFDQW�EXW�WULYLDO��:KHQ

WKH\�DUH�ZLGH��WKH\�EHWUD\�D�ODFN�RI�H[SHULPHQWDO�SUHFLVLRQ�

��� ,JQRUDQFH��0DQ\�SHRSOH�DUH�VLPSO\�XQDZDUH�RI�VRPH�RI�WKH�YHU\�YDOXDEOH

LQWHUYDO� HVWLPDWLRQ� SURFHGXUHV� WKDW� DUH� DYDLODEOH�� )RU� H[DPSOH�� WKH� YDVW

PDMRULW\�RI�SV\FKRORJLVWV�DUH�VLPSO\�QRW�DZDUH�WKDW�LW�LV�SRVVLEOH�WR�FRP�

SXWH�D�FRQILGHQFH�LQWHUYDO�RQ�WKH�VTXDUHG�PXOWLSOH�FRUUHODWLRQ�FRHIILFLHQW�
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7KH�SURFHGXUH�LV�QRW�GLVFXVVHG�LQ�VWDQGDUG�WH[WV��DQG�LW�LV�QRW�LPSOHPHQWHG

LQ�PDMRU�VWDWLVWLFDO�SDFNDJHV�

��� /DFN�RI�DYDLODELOLW\��6RPH�RI�WKH�PRVW�GHVLUDEOH�LQWHUYDO�HVWLPDWLRQ�SURFH�

GXUHV�DUH�FRPSXWHU�LQWHQVLYH��DQG�DUH�QRW�LPSOHPHQWHG�LQ�PDMRU�VWDWLVWLFDO

SDFNDJHV�OLNH�6$6��6366��67$7,67,&$��DQG�VR�RQ��7KLV�PDNHV�LW�XQOLNHO\

WKDW�DQ\RQH�ZLOO�WU\�WKH�SURFHGXUH�

&21),'(1&(�/,0,76��&21),'(1&(�,17(59$/6��$1'�7+(

,19(56,21�$3352$&+�72�,17(59$/�(67,0$7,21

,Q�WKLV�VHFWLRQ��ZH�UHYLHZ�WKH�EDVLF�GHILQLWLRQ�RI�D�FRQILGHQFH�LQWHUYDO��DQG� WKH

VLPSOH�DSSURDFK�XVHG�WR�JHQHUDWH�WKH�VLPSOH�FRQILGHQFH�LQWHUYDOV�IRXQG�LQ�PRVW

WH[WERRNV��7KHQ�ZH�GHVFULEH�WKH�OHVV�FRQYHQWLRQDO��PRUH�FRPSXWHU�LQWHQVLYH�DS�

SURDFK�ZKLFK�DOORZV�PXFK�PRUH� LQWHUHVWLQJ�DQG�XVHIXO� LQWHUYDOV� WR�EH�GHULYHG�

+HUH� WKH� GLVFXVVLRQ� EHFRPHV� VRPHZKDW�PRUH� WHFKQLFDO�� DQG�ZH� HPSOR\� QRWD�

WLRQV�WKDW�DUH�FRPPRQ�LQ�PDWKHPDWLFDO�VWDWLVWLFV�WH[WV��EXW�WKDW�WKH�W\SLFDO�UHDGHU

ZLWK�D�EDVLF�EDFNJURXQG�LQ�LQWURGXFWRU\�DSSOLHG�VWDWLVWLFV�WH[WV�PD\�ILQG�VOLJKWO\

LQWLPLGDWLQJ��:H�WU\�WR�VWULNH�D�EDODQFH�WKDW�SURYLGHV�VXIILFLHQW��EXW�QRW�H[WUDQH�

RXV��GHWDLO��7R�EHJLQ��VXSSRVH�ZH�KDYH�D�VDPSOH�RQ�Q�LQGHSHQGHQW�REVHUYDWLRQV

IURP� VRPH� SRSXODWLRQ�� 7KH� ¦REVHUYDWLRQV§� FDQ� EH� LQGLYLGXDO� QXPEHUV� �H�J��

PHDVXULQJ� WKH� KHLJKWV� RI�Q�SHRSOH�� RU� OLVWV� RI� QXPEHUV� �PHDVXULQJ� WKH� KHLJKW�

ZHLJKW��DQG�DJH�RI�Q�SHRSOH���6XSSRVH�ZH�XVH�WKH�OHWWHU�;�WR�VWDQG�IRU�WKH�GDWD��$

¦VWDWLVWLF§�LV�DQ\�IXQFWLRQ�RI�WKH�QXPEHUV�LQ�;��:H�FDQ�UHIHU�WR�VWDWLVWLFV�JHQHUL�

FDOO\�E\�XVLQJ�WKH�VWDQGDUG�PDWKHPDWLFDO�QRWDWLRQ�IRU�IXQFWLRQV��6R��IRU�H[DPSOH�

LI�ZH�ZLVK�WR�GLVFXVV�¦VWDWLVWLFV�FDOFXODWHG�RQ�;§�LQ�YHU\�JHQHUDO�WHUPV��ZH�FRXOG

XVH�D�QRWDWLRQ�OLNH�$�;���2QH�FDQ�FDOFXODWH�QXPHURXV�GLIIHUHQW�VWDWLVWLFV�RQ� WKH

VDPH�GDWD��)RU�H[DPSOH��WKH�VDPSOH�PHDQ�RI�WKH�KHLJKWV�ZRXOG�EH�RQH�IXQFWLRQ�

WKH�FRUUHODWLRQ�EHWZHHQ�KHLJKW�DQG�ZHLJKW�DQRWKHU�

$�FRPPRQ�SUREOHP�LQ�VWDWLVWLFV�LV�WR�WU\�WR�SXW�OLPLWV�RQ�WKH�YDOXH�RI�DQ�XQ�

NQRZQ�SDUDPHWHU�RQ�WKH�EDVLV�RI�IDOOLEOH�GDWD���:H�XVH�WKH�WHUP�SDUDPHWHU�LQ�WKH

EURDG�VHQVH�WR�UHIHU�WR�VRPH�QXPHULFDO�FKDUDFWHULVWLF�RI�D�VWDWLVWLFDO�SRSXODWLRQ�

DV�RSSRVHG�WR�WKH�VWULFW�VHQVH��L�H���D�IRUPDO�DUJXPHQW�RI�D�SUREDELOLW\�GLVWULEXWLRQ

IXQFWLRQ��� )RU� H[DPSOH�� D� SROLWLFLDQ�PLJKW�ZLVK� WR� HVWLPDWH�� RQ� WKH� EDVLV� RI� D

PRGHVW�RSLQLRQ�SROO��WKH�PD[LPXP�OHYHO�RI�VXSSRUW�KH�RU�VKH�LV�OLNHO\�WR�UHFHLYH

LQ� DQ� XSFRPLQJ� HOHFWLRQ��&RQILGHQFH� OLPLWV� DQG� FRQILGHQFH� LQWHUYDOV� DUH� WHFK�

QLTXHV�WKDW�IUHTXHQWO\�DUH�HPSOR\HG�WR�FRQVWUXFW�VXFK�OLPLWV�

$Q�XSSHU�FRQILGHQFH�OLPLW��RU�XSSHU�FRQILGHQFH�ERXQG��LV�D�VWDWLVWLF�WKDW��RYHU

UHSHDWHG�VDPSOHV�RI�VL]H�Q��H[FHHGV�DQ�XQNQRZQ�SDUDPHWHU�T �D�FHUWDLQ�SURSRU�

WLRQ�RI� WKH� WLPH��)RU�H[DPSOH�� IXQFWLRQ�%�;�� LV� D�����D �XSSHU�FRQILGHQFH� OLPLW
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IRU�T �LI��RYHU�UHSHDWHG�VDPSOHV��WKH�SUREDELOLW\�WKDW�%�;��LV�JUHDWHU�WKDQ�RU�HTXDO

WR�T �LV�HTXDO�WR�����D ��RU��LQ�PDWKHPDWLFDO�QRWDWLRQ�

3U� �% ;b g ≥ = −θ α� � �����

7KH�EDVLF�UHDVRQ�EHKLQG�WKH�XVH�RI�DQ�XSSHU�FRQILGHQFH�OLPLW�LV�WR�DUULYH�DW�D

QXPEHU�WKDW�RQH�LV�TXLWH�FRQILGHQW�H[FHHGV�WKH�SDUDPHWHU��1RWH��RQH�FDQ�VHOGRP

LI�HYHU�EH�DEVROXWHO\�VXUH�D�VWDWLVWLF� LV�JUHDWHU� WKDQ�WKH�XQNQRZQ�SDUDPHWHU��EH�

FDXVH� WKH� GDWD� PD\�� WKURXJK� EDG� OXFN�� EH� H[WUHPHO\� XQUHSUHVHQWDWLYH� RI� WKH

SRSXODWLRQ��7KLQN�RI�D� LQ�WKH�SUHFHGLQJ�H[SUHVVLRQ�DV�DQ�HUURU�UDWH��6XSSRVH��IRU

H[DPSOH��LW�LV������DQG�VR�����D� ������7KHQ�WKH�SUHFHGLQJ�HTXDWLRQ�VD\V�WKDW��LI
RQH�WDNHV�D�VDPSOH�RI�GDWD�;�DQG�FRPSXWHV�WKH�VWDWLVWLF�%�;���LW�ZLOO��LQ�WKH�ORQJ

UXQ��EH�DERYH� WKH�SDUDPHWHU�YDOXH�ZLWK�SUREDELOLW\� ����� RU� ����RI� WKH� WLPH�� ,I

%�;�� LV�XVHG�DV� D� ¦VWDWLVWLFDO� XSSHU�ERXQG§� IRU� WKH�SDUDPHWHU�� LW�ZLOO� EH�ZURQJ

DERXW� ��� RI� WKH� WLPH�� ,W� LV� FRPPRQ�� DIWHU� FRPSXWLQJ�%�;��� WR� VD\� WKDW� RQH� LV

¦����FRQILGHQW�WKDW�T �LV�EHORZ�%�;��§�RU�WKDW�RQH�LV�¦����FRQILGHQW�WKDW�T �GRHV

QRW�H[FHHG�%�;��§�7R�VHH�ZK\�WKLV�PLJKW�EH�XVHIXO��FRQVLGHU�WKH�RSLQLRQ�SROO�GLV�

FXVVHG� HDUOLHU�� 6XSSRVH� WKH� ���� XSSHU� FRQILGHQFH� OLPLW� RQ� WKH� SURSRUWLRQ� RI

SHRSOH�LQWHQGLQJ�WR�YRWH�IRU�WKH�FDQGLGDWH�LV������7KH�SROOVWHU�FRXOG�UHSRUW�EDFN

WR� WKH� SROLWLFLDQ� WKDW� ¦ZH� DUH� ���� FRQILGHQW� \RXU� FXUUHQW� VXSSRUW� OHYHO� LV� QR

JUHDWHU� WKDQ�����§�$V�DQRWKHU�H[DPSOH��VXSSRVH�DQ� LWHP� LV�PDQXIDFWXUHG��DQG

WKH�SDUDPHWHU�T �RI�LQWHUHVW�LV�WKH�IDLOXUH�UDWH�IRU�WKH�LWHP��7KH�JRDO�LV�WR�EH�UHD�

VRQDEO\�FHUWDLQ�WKDW�WKH�IDLOXUH�UDWH�LV�EHORZ�D�FHUWDLQ�YDOXH�

,Q� WKLV� FDVH�� RQH�ZRXOG� IUHTXHQWO\� SHUIRUP� ¦UHOLDELOLW\� WHVWLQJ�§� E\� WDNLQJ� D

VDPSOH�;�DQG�FRPSXWLQJ�DQ�XSSHU�FRQILGHQFH�OLPLW�IRU�T ��WKH�SURSRUWLRQ�RI�LWHPV

WKDW�DUH�GHIHFWLYH��6XSSRVH�WKH�XSSHU�OLPLW�LV�������RU������7KHQ�\RX�PLJKW�VD\�¦,

DP�����FRQILGHQW�WKDW�WKH�GHIHFW�UDWH�LV�OHVV�WKDQ�RU�HTXDO�WR�����§

6LPLODU�VLWXDWLRQV�H[LVW�ZKHQ�RQH� LV�HVWDEOLVKLQJ� ORZHU�ERXQGDULHV� IRU�D�SD�

UDPHWHU��LQ�ZKLFK�FDVH�ORZHU�FRQILGHQFH�OLPLWV�DUH�FRPSXWHG�

$�ORZHU�FRQILGHQFH�OLPLW��RU�ORZHU�FRQILGHQFH�ERXQG��LV�D�VWDWLVWLF�WKDW�LV�OHVV

WKDQ�WKH�XQNQRZQ�SDUDPHWHU�D�FHUWDLQ�SURSRUWLRQ�RI�WKH�WLPH��$�IXQFWLRQ�$�;��RI

WKH�REVHUYHG�GDWD� �;� LV� D�����D � ORZHU� FRQILGHQFH� OLPLW� IRU�T � LI�� RYHU� UHSHDWHG
VDPSOHV�

3U� �$ ;b g ≤ = −θ α� � �����

)RU�H[DPSOH��D�SROOVWHU�PLJKW�UHSRUW�WR�D�SROLWLFLDQ�WKDW�¦,�DP�����FRQILGHQW

\RXU�VXSSRUW�OHYHO�LV�QR�ZRUVH�WKDQ�����§�7KH�SUREOHP�ZLWK�FRQILGHQFH�OLPLWV�LV

WKDW�WKH\�SURYLGH��E\�WKHPVHOYHV��QR�LQGLFDWLRQ�RI�SUHFLVLRQ�RI�PHDVXUHPHQW��,Q

JHQHUDO�� WKH� OHVV� DXWKRULWDWLYH� \RXU� GDWDEDVH�� WKH� IXUWKHU� \RX� KDYH� WR� PRYH� D
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FRQILGHQFH� OLPLW� XS� �LQ� WKH� FDVH� RI� DQ� XSSHU� OLPLW�� RU� GRZQ� �LQ� WKH� FDVH� RI� D

ORZHU�OLPLW��LQ�RUGHU� WR�ERXQG�WKH�SDUDPHWHU�UHOLDEO\��5HWXUQLQJ�WR� WKH�SROLWLFDO

RSLQLRQ�SROO��LI�WKH�VDPSOH�LV�PRGHUDWHO\�ODUJH��WKH�SROOVWHU�PLJKW�UHSRUW�D�ORZHU

OLPLW� RI� ����� ZKHUHDV� LQ� WKH� VDPH� VLWXDWLRQ� LI� WKH� VDPSOH� LV� TXLWH� VPDOO�� WKH

ORZHU�OLPLW�PLJKW�KDYH�WR�EH�UHSRUWHG�DV�����LQ�RUGHU�WR�JDLQ�WKH�VDPH�GHJUHH�RI

FRQILGHQFH��6R��LQ�RUGHU�WR�EH�����FRQILGHQW��WKH�SROLWLFDO�SROOVWHU�ZRXOG�KDYH�WR

UHSRUW� D� ¦PLQLPXP� OHYHO� RI� VXSSRUW§� WKDW� LV� XQGXO\� SHVVLPLVWLF��&RQVHTXHQWO\�

XSSHU� DQG� ORZHU� FRQILGHQFH� OLPLWV� XVXDOO\� DUH� FRPELQHG� WR� \LHOG� D� FRQILGHQFH

LQWHUYDO� �$�;��� %�;���� ZKRVH� HQGSRLQWV� VXUURXQG� WKH� SDUDPHWHU�T�D� FHUWDLQ

SURSRUWLRQ� RI� WKH� WLPH�� $�;�� DQG� %�;�� ERXQG� D� ����D � FRQILGHQFH� LQWHUYDO
IRU�T ��LI��RYHU�UHSHDWHG�VDPSOHV�

3U � � � �$ ; % ;≤ ≤ = −θ αb g � � �����

,Q�SUDFWLFH��RQH�XVXDOO\�FRQVWUXFWV� WKH�FRQILGHQFH� LQWHUYDO�E\�FKRRVLQJ�$�;�

DQG�%�;��WR�EH��UHVSHFWLYHO\��ORZHU�DQG�XSSHU�����D ���FRQILGHQFH�OLPLWV�VR�WKDW
WKH�FRQILGHQFH�LQWHUYDO�LV�V\PPHWULF�

7KH�DGYDQWDJH�RI�D�FRQILGHQFH�LQWHUYDO� LV� WKDW� WKH�ZLGWK�RI� WKH� LQWHUYDO�SUR�

YLGHV�D�UHDG\�LQGLFDWLRQ�RI�SUHFLVLRQ�RI�PHDVXUHPHQW��7KDW�LV��LI�WKH�VDPSOH�HV�

WLPDWH�KDV�ORZ�VDPSOLQJ�YDULDELOLW\�DQG�KLJK�SUHFLVLRQ�RI�HVWLPDWH�� WKHQ�HYHQ�D

QDUURZ�FRQILGHQFH�LQWHUYDO�ZLOO�EUDFNHW�WKH�WUXH�SDUDPHWHU�D�KLJK�SHUFHQWDJH�RI

WKH� WLPH��RYHU� UHSHDWHG� VDPSOHV��7KXV�� WKH� RXWFRPH�RI� WKH� FRQILGHQFH� LQWHUYDO

FDOFXODWLRQ�LV�D�UHSRUW�RI�D�SDUDPHWHU�YDOXH��WRJHWKHU�ZLWK�DQ�LQGLFDWLRQ�RI�KRZ

SUHFLVHO\� LW� KDV� EHHQ� GHWHUPLQHG�� ,Q�PDQ\� VLWXDWLRQV� LQYROYLQJ� H[SORUDWRU\� UH�

VHDUFK��WKLV�RXWFRPH�PRUH�DFFXUDWHO\�UHIOHFWV�ZKDW�DQ�H[SHULPHQWHU�LV�KRSLQJ�WR

OHDUQ�IURP�WKH�GDWD�WKDQ�D�VLJQLILFDQFH�WHVW�GRHV��6R��IRU�H[DPSOH��LI�WKH�SROOVWHU

UHSRUWV�¦,�DP�����FRQILGHQW�WKDW�\RXU�VXSSRUW�OHYHO�LV�EHWZHHQ�����DQG�����§

WKH�SROLWLFLDQ�UHDOL]HV�WKDW�WKH�HOHFWLRQ�LV�XS�IRU�JUDEV�DQG�WKDW�WKH�VXSSRUW�OHYHO

LV�URXJKO\�����JLYH�RU� WDNH�����7KLV� LV�SUREDEO\�PRUH�XVHIXO� WR� WKH�SROLWLFLDQ

WKDQ�EHLQJ�WROG�WKDW�¦D�WHVW�RI�WKH�K\SRWKHVLV�WKDW�\RXU�VXSSRUW�OHYHO�LV�����ZDV

QRW�UHMHFWHG�§�7KH�SROLWLFLDQ�LV�QRW�UHDOO\�LQWHUHVWHG�LQ�ZKHWKHU�WKH�VXSSRUW�OHYHO

LV�H[DFWO\����¥WKHUH�LV�VRPHWKLQJ�DUWLILFLDO�DERXW�WHVWLQJ�IRU�WKH�VLJQLILFDQFH�RI

VXFK�D�K\SRWKHVLV��5DWKHU��WKH�NH\�LQWHUHVW�LV�LQ�WKH�EHVW�HVWLPDWH�RI�WKH�VXSSRUW

OHYHO��DQG�KRZ�SUHFLVH�WKDW�HVWLPDWH�LV��7KH�ORFDWLRQ�RI� WKH�FRQILGHQFH�LQWHUYDO�

DQG�LWV�ZLGWK��SURYLGH�VXFK�LQIRUPDWLRQ��,I�WKH�SROLWLFLDQ�IHHOV�WKDW�OHYHO�RI�SUHFL�

VLRQ�LV�LQDGHTXDWH��WKH�SROOVWHU�FDQ�UHSRUW��EDVHG�RQ�VWDWLVWLFDO�WKHRU\��WKDW�KDOY�

LQJ�WKH�ZLGWK�RI�WKH�FRQILGHQFH�LQWHUYDO�ZLOO�UHTXLUH�TXDGUXSOLQJ�WKH�VL]H�RI�WKH

RSLQLRQ�SROO�

0RVW� FRQILGHQFH� LQWHUYDOV� GLVFXVVHG� LQ� VWDQGDUG� WH[WERRNV� DUH� GHULYHG� E\

VLPSOH�PDQLSXODWLRQ�RI�D�VWDWHPHQW�DERXW�LQWHUYDO�SUREDELOLW\�RI�D�VDPSOLQJ�GLV�



��� 67(,*(5�$1'�)28/$',

WULEXWLRQ��)RU�H[DPSOH��FRQILGHQFH�LQWHUYDOV�DUH�XVXDOO\�LQWURGXFHG�LQ�WHUPV�RI�D

VLPSOH�=�VWDWLVWLF�IRU�WHVWLQJ�WKH�K\SRWKHVLV�P� �D�ZKHQ�WKH�SRSXODWLRQ�GLVWULEX�

WLRQ�LV�QRUPDO�DQG�WKH�SRSXODWLRQ�VWDQGDUG�GHYLDWLRQ�V �LV�NQRZQ��,I�Q�LV�WKH�VDP�

SOH�VL]H��DQG� ; � LV�WKH�RUGLQDU\�VDPSOH�PHDQ�EDVHG�RQ�WKH�Q�REVHUYDWLRQV��WKHQ

WKH�VDPSOLQJ�GLVWULEXWLRQ�RI�WKH�VDPSOH�PHDQ�LV�QRUPDO��ZLWK�D�PHDQ�RI�P ��DQG�D

VWDQGDUG�GHYLDWLRQ��XVXDOO\�FDOOHG�WKH�¦VWDQGDUG�HUURU�RI�WKH�PHDQ§��RI�σ Q ��,Q

DQ\�QRUPDO�GLVWULEXWLRQ�� WKH�SUREDELOLW\� WKDW� D� VFRUH�ZLOO� IDOO� EHWZHHQ� VWDQGDUG

VFRUH�YDOXHV�RI�−���� �DQG�+���� �LV������7R�FRQYHUW�WKH�VDPSOH�PHDQ�WR�LWV�VWDQ�

GDUG�VFRUH�HTXLYDOHQW��RQH�VXEWUDFWV�LWV�PHDQ��P ��DQG�GLYLGHV�E\�LWV�VWDQGDUG�GH�

YLDWLRQ��σ Q ��WR�FRQVWUXFW�D�WHVW�VWDWLVWLF�=�

=
;

Q
= − µ

σ
� �����

7KH� UHVXOWLQJ� WHVW� VWDWLVWLF�� LQ� WKH� ORQJ� UXQ��ZLOO� IDOO� EHWZHHQ� WKH� ����� DQG

������ SRLQWV� RI� WKH� VWDQGDUG� QRUPDO� FXUYH� �YDOXHV� RI� −���� � DQG� +���� �� ZLWK

SUREDELOLW\������$V�DQ�LQHTXDOLW\��WKHVH�IDFWV�FDQ�EH�VWDWHG

3U � � �− ≤ ≤ + =��� ��� ��=b g � �����

RU

3U � � �− ≤ − ≤ +
F
HG

I
KJ =��� ��� ��

;

Q

µ
σ

� �����

7KH�FRQILGHQFH� LQWHUYDO� IRU�P � LV�GHULYHG�E\�PDQLSXODWLQJ� WKLV� LQWHUYDO� DOJH�

EUDLFDOO\��%HFDXVH�V �DQG�Q�DUH�ERWK�SRVLWLYH��ZH�PD\�PXOWLSO\�DOO�WKUHH�VHFWLRQV

RI�WKH�LQHTXDOLW\�E\�σ Q �ZLWKRXW�DOWHULQJ�LWV�FRUUHFWQHVV��:H�WKHQ�REWDLQ

3U � � �− ≤ − ≤ +
F
HG

I
KJ =��� ��� ��

σ µ σ
Q

;
Q

� �����

2QH�ZD\�RI�LQWHUSUHWLQJ�WKLV�LQHTXDOLW\�VWDWHPHQW�LV�WKDW�����RI�WKH�WLPH��WKH

GLVWDQFH�EHWZHHQ�P �DQG� ; �LV�OHVV�WKDQ�����σ Q ��7KDW�LV������RI�WKH�WLPH�µ �LV
ZLWKLQ�D�FHUWDLQ�GLVWDQFH�RI� ; ��2I�FRXUVH��WKLV�DOVR�PHDQV�WKDW�����RI�WKH�WLPH

; � LV�ZLWKLQ�WKH�VDPH�GLVWDQFH�RI�P �� �,I�\RX�DQG�,�DUH�ZDONLQJ�GRZQ�WKH�VWUHHW

DQG� ����RI� WKH� WLPH� \RX� DUH�ZLWKLQ� �� IHHW� RI�PH�� WKHQ� ����RI� WKH� WLPH� ,� DP

ZLWKLQ��� IHHW�RI�\RX���:KDW� WKLV�PHDQV�� LQ� WXUQ�� LV� WKDW� LI�ZH� WDNH� ; � DQG�FRQ�

VWUXFW�DQ�LQWHUYDO�E\�DGGLQJ�DQG�VXEWUDFWLQJ�����σ Q �IURP�LW��WKDW�LQWHUYDO�ZLOO
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KDYH�P �ZLWKLQ�LWV�HQGSRLQWV�����RI�WKH�WLPH�LQ�WKH�ORQJ�UXQ��6XFK�LQVLJKW�LV�QRW

QHFHVVDU\�WR�GHULYH�WKH�FRQILGHQFH�LQWHUYDO��KRZHYHU��2QH�PD\�VLPSO\�FRQWLQXH

PDQLSXODWLQJ�WKH�LQWHUYDO�DOJHEUDLFDOO\��)LUVW��VXEWUDFW� ; �IURP�DOO�WKUHH�VHFWLRQV

RI�WKH�LQHTXDOLW\��7KHQ�PXOWLSO\�DOO�WKUHH�VHFWLRQV�E\� −���DQG�UHYHUVH�WKH�GLUHF�
WLRQ�RI�WKH�LQHTXDOLW\��7KLV�OHDGV�WR�WKH�IROORZLQJ�H[SUHVVLRQ�

3U � � �;
Q

;
Q

− ≤ ≤ +
F
HG

I
KJ =��� ��� ��

σ µ σ
� �����

7KH� H[SUHVVLRQ� VWDWHV� WKDW� LI� RQH� FRQVWUXFWV� DQ� LQWHUYDO� ZLWK� HQGSRLQWV

; Q±���� σ ��WKLV�LQWHUYDO�ZLOO�FRQWDLQ�WKH�WUXH�SDUDPHWHU��P ������RI�WKH�WLPH

LQ�WKH�ORQJ�UXQ�

$�QXPEHU�RI�VLPSOH�LQHTXDOLWLHV�FDQ�EH�FRQYHUWHG�LQWR�FRQILGHQFH�LQWHUYDOV�LQ

WKLV�ZD\�� 7\SLFDOO\�� RQH� ILQGV�� LQ� HOHPHQWDU\� WR� LQWHUPHGLDWH� WH[WV�� FRQILGHQFH

LQWHUYDOV�IRU��D��D�VLQJOH�PHDQ���E��WKH�GLIIHUHQFH�EHWZHHQ�WZR�PHDQV���F��D�VLQJOH

FRQWUDVW�RQ�PHDQV���G��D�VLQJOH�YDULDQFH���H��WKH�UDWLR�RI�WZR�YDULDQFHV���I��D�VLQ�

JOH�FRUUHODWLRQ��DQG��J��D�VLQJOH�SURSRUWLRQ��$Q�HOHPHQW�FRPPRQ�WR�WKH�SUHFHG�

LQJ�LQWHUYDOV�LV�WKDW�DQ�LQWHUYDO�VWDWHPHQW�DERXW�WKH�GLVWULEXWLRQ�RI�WKH�QXOO�GLVWUL�

EXWLRQ�RI�D�WHVW�VWDWLVWLF�FDQ�EH�PDQLSXODWHG�HDVLO\�WR�\LHOG�WKH�GHVLUHG�FRQILGHQFH

LQWHUYDO�� 6LWXDWLRQV�ZKHUH� �D�� WKH� GLVWULEXWLRQ� RI� WKH� WHVW� VWDWLVWLF� FKDQJHV� DV� D

IXQFWLRQ�RI�WKH�SDUDPHWHU�WR�EH�HVWLPDWHG��DQG��E��VLPSOH�LQWHUYDO�PDQLSXODWLRQ

GRHV�QRW�\LHOG�D�FRQYHQLHQW�FRQILGHQFH�LQWHUYDO��DUH�JHQHUDOO\�QRW�GLVFXVVHG��$V

DQ� H[DPSOH�� FRQVLGHU� WKH� VDPSOH� VTXDUHG�PXOWLSOH� FRUUHODWLRQ��ZKRVH� GLVWULEX�

WLRQ�FKDQJHV�DV�D�IXQFWLRQ�RI�WKH�SRSXODWLRQ�VTXDUHG�PXOWLSOH�FRUUHODWLRQ��&RQIL�

GHQFH�LQWHUYDOV�IRU�WKH�VTXDUHG�PXOWLSOH�FRUUHODWLRQ�DUH�YHU\�LQIRUPDWLYH��\HW�DUH

QRW�GLVFXVVHG� LQ� VWDQGDUG� WH[WV�� EHFDXVH� D� VLQJOH� VLPSOH� IRUPXOD� IRU� WKH� GLUHFW

FDOFXODWLRQ�RI�VXFK�DQ�LQWHUYDO�FDQQRW�EH�REWDLQHG�LQ�D�PDQQHU�DQDORJRXV�WR�WKH

ZD\�ZH�REWDLQ�D�FRQILGHQFH�LQWHUYDO�IRU�P �

$� JHQHUDO� PHWKRG� IRU� FRQILGHQFH� LQWHUYDO� FRQVWUXFWLRQ� LV� DYDLODEOH� WKDW� LQ�

FOXGHV�WKH�PHWKRG�GLVFXVVHG�HDUOLHU�DV�D�VSHFLDO�FDVH��EXW�DOVR�DOORZV�FRQILGHQFH

OLPLWV� DQG� FRQILGHQFH� LQWHUYDOV� WR� EH� FRQVWUXFWHG� ZKHQ� WKH� DIRUHPHQWLRQHG

PHWKRG�FDQQRW�EH�DSSOLHG��7KLV�PHWKRG�FRPELQHV�WZR�JHQHUDO�SULQFLSOHV��ZKLFK

ZH�FDOO�WKH�FRQILGHQFH�LQWHUYDO�WUDQVIRUPDWLRQ�SULQFLSOH�DQG�WKH�LQYHUVLRQ�FRQIL�

GHQFH�LQWHUYDO�SULQFLSOH��7KH�IRUPHU�LV�REYLRXV��EXW�VHOGRP�GLVFXVVHG�IRUPDOO\�

7KH� ODWWHU� LV� UHIHUUHG� WR� E\� D� YDULHW\� RI� QDPHV� LQ� VHYHUDO� FODVVLF� UHIHUHQFHV

�.HQGDOO� 	� 6WXDUW�� ������ &R[�	�+LQFNOH\�� ������� \HW� GRHV� QRW� VHHP� WR� KDYH

IRXQG�LWV�ZD\�LQWR�WKH�VWDQGDUG�WH[WERRNV��SULPDULO\�EHFDXVH�LWV�LPSOHPHQWDWLRQ

LQYROYHV�VRPH�GLIILFXOW�FRPSXWDWLRQV��+RZHYHU��WKH�PHWKRG�LV�HDV\�WR�GLVFXVV�LQ

SULQFLSOH�� DQG�QR� ORQJHU� LPSUDFWLFDO�� ,QWHUHVWLQJO\��ZKHQ� WKH� WZR�SULQFLSOHV� DUH

FRPELQHG��D�QXPEHU�RI�YHU\�LQWHUHVWLQJ�FRQILGHQFH�LQWHUYDOV�UHVXOW�
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)LUVW�ZH�GLVFXVV�WKH�FRQILGHQFH�LQWHUYDO�WUDQVIRUPDWLRQ�SULQFLSOH�

3URSRVLWLRQ� ��� &RQILGHQFH� ,QWHUYDO� 7UDQVIRUPDWLRQ� 3ULQFLSOH�� /HW� I θb g � EH� D
PRQRWRQLF��VWULFWO\�LQFUHDVLQJ�FRQWLQXRXV�IXQFWLRQ�RI�T ��/HW�O��DQG�O��EH�HQGSRLQWV

RI�D�����D �FRQILGHQFH�LQWHUYDO�RQ�TXDQWLW\�T ��7KHQ�I�O���DQG�I�O���DUH�HQGSRLQWV�RI�D
����D ��FRQILGHQFH�LQWHUYDO�RQ�I�T ��

7R�SURYH�WKH�SURSRVLWLRQ��UHFDOO� WKDW�D�IXQFWLRQ�LV�PRQRWRQLF�DQG�VWULFWO\� LQ�

FUHDVLQJ� LI��ZKHQ�SORWWHG� LQ� WKH�SODQH�� WKH�JUDSK�¦NHHSV�JRLQJ�XS§� IURP� OHIW� WR

ULJKW��WKDW�LV��LW�QHYHU�IODWWHQV�RXW�RU�JRHV�GRZQ��$�PRQRWRQLF��VWULFWO\�LQFUHDVLQJ

IXQFWLRQ� LV�RUGHU�SUHVHUYLQJ��%HFDXVH� WKH�SORW�QHYHU� IODWWHQV�RXW�� LI�[�!�\�� WKHQ

I�[��!�I�\���7KLV�FDQ�EH�VHHQ�HDVLO\�E\�H[DPLQLQJ�)LJXUH�����

,I�O��DQG�O��DUH�HQGSRLQWV�RI�D�YDOLG�����FRQILGHQFH�LQWHUYDO�RQ�TXDQWLW\�T ��WKHQ

����RI� WKH� WLPH� LQ� WKH� ORQJ� UXQ��T� LV�EHWZHHQ� O�� DQG� O��� ,I� I�� �� LV� D�PRQRWRQLF

VWULFWO\�LQFUHDVLQJ�IXQFWLRQ�� O�� LV�JUHDWHU� WKDQ�T ��DQG�T � LV�JUHDWHU� WKDQ� O��� WKHQ�LW

PXVW�DOVR�EH�WKH�FDVH�WKDW�I�O���!�I�T ���DQG�I�T ��!�I�O����&RQVHTXHQWO\��LI�O��DQG�O�
DUH�HQGSRLQWV�RI�D�����D �FRQILGHQFH�LQWHUYDO�IRU�SDUDPHWHU�T �WKHQ�I�O���DQG�I�O��
DUH�HQGSRLQWV�RI�D�YDOLG�����D �FRQILGHQFH�LQWHUYDO�RQ�I�T ��

+HUH�DUH�WZR�HOHPHQWDU\�H[DPSOHV�RI�WKH�FRQILGHQFH�LQWHUYDO� WUDQVIRUPDWLRQ

SULQFLSOH�

([DPSOH����$�&RQILGHQFH�,QWHUYDO�IRU�WKH�6WDQGDUG�'HYLDWLRQ���6XSSRVH�\RX�FDO�

FXODWH� D� FRQILGHQFH� LQWHUYDO� IRU� WKH�SRSXODWLRQ�YDULDQFH�V ���6XFK� D� FRQILGHQFH

LQWHUYDO�LV�GLVFXVVHG�LQ�PDQ\�HOHPHQWDU\�WH[WERRNV��<RX�GHVLUH�D�FRQILGHQFH�LQ�

WHUYDO� IRU� V �� &RQILGHQFH� LQWHUYDOV� IRU� V � DUH� VHOGRP� GLVFXVVHG� LQ� WH[WERRNV�
+RZHYHU��RQH�PD\�EH�GHULYHG�HDVLO\��%HFDXVH�V �WDNHV�RQ�RQO\�QRQQHJDWLYH�YDO�

XHV��LW�LV�D�PRQRWRQLF�LQFUHDVLQJ�IXQFWLRQ�RI�V ��RYHU�LWV�GRPDLQ��+HQFH��WKH�FRQ�

ILGHQFH�LQWHUYDO�IRU�V� LV�REWDLQHG�E\�WDNLQJ�WKH�VTXDUH�URRW�RI�WKH�HQGSRLQWV�IRU

WKH�FRUUHVSRQGLQJ�FRQILGHQFH�LQWHUYDO�IRU�V ��

([DPSOH� ��� ,QYHUWLQJ� WKH� )LVKHU� 7UDQVIRUP�� � 6XSSRVH� RQH� FDOFXODWHV� D� FRQIL�

GHQFH�LQWHUYDO�IRU�]�U ���WKH�)LVKHU�WUDQVIRUP�RI�U ��WKH�SRSXODWLRQ�FRUUHODWLRQ�FR�

HIILFLHQW�� 7DNLQJ� WKH� LQYHUVH� )LVKHU� WUDQVIRUP� RI� WKH� HQGSRLQWV� RI� WKLV� LQWHUYDO

ZLOO�JLYH�D�FRQILGHQFH� LQWHUYDO� IRU�U ��7KLV� LV�� LQ� IDFW�� WKH�PHWKRG�HPSOR\HG� WR
FDOFXODWH�WKH�VWDQGDUG��DSSUR[LPDWH��FRQILGHQFH�LQWHUYDO�IRU�D�FRUUHODWLRQ�

7KHVH�H[DPSOHV�VKRZ�ZK\�WKH�FRQILGHQFH�LQWHUYDO�WUDQVIRUPDWLRQ�SULQFLSOH�LV

YHU\�XVHIXO�LQ�SUDFWLFH��)UHTXHQWO\�D�VWDWLVWLFDO�TXDQWLW\�ZH�DUH�YHU\�LQWHUHVWHG�LQ

�OLNH� U ��LV�D�VLPSOH�IXQFWLRQ�RI�D�TXDQWLW\��OLNH�]�U ���ZH�DUH�QRW�VR�LQWHUHVWHG�LQ�
EXW�IRU�ZKLFK�ZH�FDQ�HDVLO\�REWDLQ�D�FRQILGHQFH�LQWHUYDO�



����121&(175$/,7<�,17(59$/�(67,0$7,21 ���

$V�DQ�H[DPSOH��VXSSRVH�ZH�WDNH�WZR�LQGHSHQGHQW�VDPSOHV�RI�VL]H�Q��DQG�Q��

:H�FDOFXODWH�VDPSOH�PHDQV� [ [� ��DQG� �DQG�VDPSOH�YDULDQFHV�V�
���DQG�V�

���8QGHU�WKH

VWDQGDUG�DVVXPSWLRQV�RI�QRUPDOLW\�DQG�KRPRJHQHLW\�RI�YDULDQFH��WKH�WZR�VDPSOH

W�VWDWLVWLF�LV�XVHG�WR�GHFLGH�ZKHWKHU�DQ�H[SHULPHQWDO�DQG�FRQWURO�JURXS�GLIIHU�
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7KH�WUDGLWLRQDO�DSSURDFK�LV�WR�FRPSXWH�WKH�W�VWDWLVWLF�DQG�SHUIRUP�D�VLJQLILFDQFH

WHVW��$�EHWWHU��EXW� OHVV� IUHTXHQWO\�HPSOR\HG�SURFHGXUH� LV� WR� UHSRUW�D�FRQILGHQFH

LQWHUYDO�RQ�WKH�TXDQWLW\�(� �P ����P ��XVLQJ�WKH�IROORZLQJ�VWDQGDUG�IRUPXOD�IRU�WKH

HQGSRLQWV��ZKHUH�W∗�LV�WKH�FULWLFDO�YDOXH�IURP�6WXGHQW©V�W�GLVWULEXWLRQ��
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,Q� SUDFWLFH�� DQ� HYHQ�PRUH� XVHIXO� TXDQWLW\� WKDQ�(� LV� WKH� VWDQGDUGL]HG� HIIHFW
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),*85(������ 2UGHU�SUHVHUYLQJ�SURSHUWLHV�RI�D�PRQRWRQLF��VWULFWO\�LQFUHDVLQJ�IXQFWLRQ�
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(V�LV�D�VWDQGDUGL]HG��RU�¦PHWULF�IUHH§�PHDVXUH�RI�HIIHFW�VL]H��,I�RQH�WZR�JURXS

VWXG\�UHSRUWV� LWV�UHVXOWV� LQ�SRXQGV�� WKH�RWKHU� LQ�NLORJUDPV�� WKHQ�WKH�XQVWDQGDUG�

L]HG��HIIHFW�(��ZLOO�QRW�EH�LQ�WKH�VDPH�VFDOH�RI�PHDVXUHPHQW�LQ�WKH�WZR�VWXGLHV�

ZKHUHDV�(V�ZLOO�EH��&RQVHTXHQWO\��D�FRQILGHQFH�LQWHUYDO�RQ�(V�LV�PRUH�LQIRUPD�

WLYH�WKDQ�RQH�RQ�(��7KLV�LV�HVSHFLDOO\�WUXH�ZKHQ�GLIIHUHQW�VWXGLHV�DUH�FRPSDUHG�

RU�ZKHQ�LQIRUPDWLRQ�LV�FRPELQHG�DFURVV�VWXGLHV�

,Q�WKH�FRQWH[W�RI�PHWD�DQDO\VLV��+HGJHV�DQG�2ONLQ��������GLVFXVVHG�D�YDULHW\

RI� PHWKRGV� IRU� HVWLPDWLQJ� (V�� PRVW� RI� ZKLFK� DUH� DSSUR[LPDWLRQV�� 7KH� H[DFW

PHWKRG��ZKLFK�WKH\�GLVFXVV�RQ�SDJH����RI�WKHLU�ERRN��LQYROYHV�WKH�QRQFHQWUDOLW\

LQWHUYDO�HVWLPDWLRQ�DSSURDFK��7KLV�DSSURDFK�ZDV�FRQVLGHUHG�LPSUDFWLFDO�IRU�JHQ�

HUDO�XVH�DW�WKH�WLPH�WKHLU�ERRN�ZDV�ZULWWHQ��VR�WKH�DXWKRUV�SURYLGHG�QRPRJUDSKV

RQO\�IRU�VRPH�OLPLWHG�FDVHV�LQYROYLQJ�YHU\�VPDOO�VDPSOHV�

%HIRUH� FRQWLQXLQJ�� ZH� GLJUHVV� EULHIO\� WR� UHFDOO� VRPH� PDWKHPDWLFDO� EDFN�

JURXQG� RQ� WKH� NH\� QRQFHQWUDO� GLVWULEXWLRQV� IRU� WKH� OHVV� DGYDQFHG� UHDGHU�� 7KH

QRUPDO��W��F ���DQG�)�GLVWULEXWLRQV�DUH�VWDWLVWLFDO�GLVWULEXWLRQV�FRYHUHG�LQ�PRVW�LQ�

WURGXFWRU\�WH[WV��7KHVH�GLVWULEXWLRQV�FDQ�EH�UHODWHG�WR�WKH�QRUPDO�GLVWULEXWLRQ�LQ

YDULRXV�ZD\V��IRU�H[DPSOH��VTXDULQJ�D�UDQGRP�YDULDEOH�WKDW�KDV�D�VWDQGDUG�QRU�

PDO�GLVWULEXWLRQ�\LHOGV�D�UDQGRP�YDULDEOH�WKDW�KDV�D�F ��GLVWULEXWLRQ�ZLWK���GHJUHH

RI�IUHHGRP��7KH�W��F ���DQG�)�GLVWULEXWLRQV�DUH�VSHFLDO�FDVHV�RI�PRUH�JHQHUDO�GLV�

WULEXWLRQV�FDOOHG�WKH�QRQFHQWUDO�W��QRQFHQWUDO�F ���DQG�QRQFHQWUDO�)��(DFK�RI�WKHVH

QRQFHQWUDO�GLVWULEXWLRQV�KDV�DQ�DGGLWLRQDO�SDUDPHWHU��FDOOHG�WKH�QRQFHQWUDOLW\�SD�

UDPHWHU�� )RU� H[DPSOH�� ZKHUHDV� WKH� )� GLVWULEXWLRQ� KDV� WZR� SDUDPHWHUV� �WKH

¦QXPHUDWRU§�DQG�¦GHQRPLQDWRU§�GHJUHHV�RI�IUHHGRP���WKH�QRQFHQWUDO�)��KDV�WKHVH

WZR�SOXV� D�QRQFHQWUDOLW\� SDUDPHWHU��:KHQ� WKH�QRQFHQWUDO� )� GLVWULEXWLRQ� KDV� D

QRQFHQWUDOLW\�SDUDPHWHU�RI�]HUR��LW�LV�LGHQWLFDO�WR�WKH�)�GLVWULEXWLRQ��VR�LW�LQFOXGHV

WKH�)�GLVWULEXWLRQ�DV�D�VSHFLDO�FDVH��6LPLODU�IDFWV�KROG�IRU�WKH�W�DQG�F ��GLVWULEX�

WLRQV��:KDW�PDNHV�WKH�QRQFHQWUDOLW\�SDUDPHWHU�HVSHFLDOO\� LPSRUWDQW� LV� WKDW� LW� LV

UHODWHG�YHU\�FORVHO\�WR�WKH�WUXWK�RU�IDOVLW\�RI�WKH�W\SLFDO�QXOO�K\SRWKHVHV�WKDW�WKHVH

GLVWULEXWLRQV�DUH�XVHG� WR� WHVW��6R�� IRU� H[DPSOH��ZKHQ� WKH�QXOO� K\SRWKHVLV� RI� QR

GLIIHUHQFH�EHWZHHQ�WZR�PHDQV�LV�FRUUHFW��WKH�VWDQGDUG�W�VWDWLVWLF�KDV�D�GLVWULEXWLRQ

WKDW�KDV�D�QRQFHQWUDOLW\�SDUDPHWHU�RI�]HUR��ZKHUHDV�LI�WKH�QXOO�K\SRWKHVLV�LV�IDOVH�

LW�KDV�D�QRQFHQWUDO�W�GLVWULEXWLRQ��,Q�JHQHUDO��WKH�PRUH�IDOVH�WKH�QXOO�K\SRWKHVLV�

WKH�ODUJHU�WKH�QRQFHQWUDOLW\�SDUDPHWHU�

6XSSRVH�ZH�WDNH�GDWD�IURP�WZR� LQGHSHQGHQW�VDPSOHV��DQG�FDOFXODWH� WKH� WZR

VDPSOH�W�VWDWLVWLF�VKRZQ�LQ�(TXDWLRQ������7KH�VWDWLVWLF�KDV�D�GLVWULEXWLRQ�ZKLFK�LV

QRQFHQWUDO�W��ZLWK�QRQFHQWUDOLW\�SDUDPHWHU
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:KHQ�WKH�QXOO�K\SRWKHVLV�LV�WUXH��δ �LV�]HUR�DQG�LV�QRW�D�SDUWLFXODUO\�LQWHUHVW�

LQJ� TXDQWLW\��+RZHYHU��(V� LV� D� VWDWLVWLFDO� TXDQWLW\� RI� FRQVLGHUDEOH� LQWHUHVW�� DQG

PD\�EH�REWDLQHG�IURP�δ �E\�D�VLPSOH�PRQRWRQLF�WUDQVIRUPDWLRQ

(
Q Q

Q Q
V = +δ � �

� �

� ������

+HQFH�� LI�ZH� FDQ� REWDLQ� D� FRQILGHQFH� LQWHUYDO� IRU� δ ��ZH� DOVR� FDQ� REWDLQ� D

FRQILGHQFH�LQWHUYDO�IRU�(V��XVLQJ�WKH�FRQILGHQFH�LQWHUYDO�WUDQVIRUPDWLRQ�SULQFLSOH�

:H�QRZ�GHVFULEH�KRZ�WR�REWDLQ�D�FRQILGHQFH�LQWHUYDO�IRU�G� �:KHQ�ZH�GLVFXVV

FRQWLQXRXV� SUREDELOLW\� GLVWULEXWLRQV�� ZH� RIWHQ� WDON� LQ� WHUPV� RI� WKH� FXPXODWLYH

GLVWULEXWLRQ�IXQFWLRQ��RU�&')��DQG�ZH�XVH�WKH�QRWDWLRQ�) � ���WR�GHQRWH�WKLV�IXQF�

WLRQ��7KH�&')�HYDOXDWHG�DW�D�SRLQW�[�LV�GHILQHG�DV�WKH�SUREDELOLW\�RI�REWDLQLQJ�D

YDOXH�OHVV�WKDQ�RU�HTXDO�WR�[��KHQFH�WKH�WHUP�FXPXODWLYH��0DQ\�QRUPDO�FXUYH�WD�

EOHV�LQ�WKH�EDFN�RI�VWDQGDUG�WH[WERRNV�DUH�&')�WDEOHV��)RU�H[DPSOH��LQ�WKH�XQLW

VWDQGDUG�QRUPDO�GLVWULEXWLRQ��KDOI�RI�WKH�FDVHV�IDOO�DW�RU�EHORZ����VR�)���� �����

1LQHW\�ILYH�SHUFHQW�RI� WKH�FDVHV� IDOO� DW�RU�EHORZ�������� VR�)�������� � �����DQG

)��������� ������6RPHWLPHV��ZKHQ�VROYLQJ�SUREOHPV�LQYROYLQJ�WKH�QRUPDO�FXUYH

WDEOH��RQH�QHHGV�WR�¦UHYHUVH§�WKH�WDEOH��)RU�H[DPSOH��LI�,�DVNHG�\RX�ZKDW�SRLQW�LQ

WKH�QRUPDO�FXUYH�KDV�����RI�WKH�FDVHV�DW�RU�EHORZ�LW��\RX�ZRXOG�VFDQ�GRZQ�WKH

WDEOH�XQWLO�\RX�IRXQG������PRYH�WR�WKH�QXPEHU�LQ�WKH�FROXPQ�QH[W�WR������DQG�UH�

SRUW�EDFN�¦�����§�DV�\RXU�DQVZHU��7KLV�SURFHVV�RI�UHYHUVLQJ�WKH�UROHV�RI�WKH�WZR

FROXPQV�LQ�WKH�WDEOH�LV�HTXLYDOHQW�WR�LQYHUWLQJ�WKH�&')�IXQFWLRQ��,Q�PDWKHPDWL�

FDO� QRWDWLRQ��ZH� VD\� WKDW� WKH�&')� IXQFWLRQ�KDV� DQ� LQYHUVH�� DQG� WKDW�)�������� 

�������,Q�D�VLPLODU�YHLQ��)������� ����DQG�)�������� ��������
2EWDLQLQJ� D� FRQILGHQFH� LQWHUYDO� IRU�G � LV� VLPSOH� LQ� SULQFLSOH�� WKRXJK� QRW� LQ

SUDFWLFH��&RQVLGHU�WKH�JUDSK�LQ�)LJXUH������7KLV�JUDSK�VKRZV�WKH�����DQG�����FX�

PXODWLYH� SUREDELOLW\� SRLQWV� IRU� D� QRQFHQWUDO� GLVWULEXWLRQ� IRU� IL[HG� GHJUHHV� RI

IUHHGRP��DQG�YDU\LQJ�YDOXHV�RI� WKH�QRQFHQWUDOLW\�SDUDPHWHU�G ��7KHVH�IXQFWLRQV�

ODEHOHG�¦�WK�SHUFHQWLOH§�DQG�¦��WK�SHUFHQWLOH§�LQ�WKH�JUDSK��FDQ�EH�GHQRWHG�PRUH

IRUPDOO\�DV�)��������G��DQG�)��������G���UHVSHFWLYHO\��EHFDXVH�WKH\�DUH�WKH�LQYHUVH

RI�WKH�&')�RI�WKH�QRQFHQWUDO�W��IRU�IL[HG�SUREDELOLW\�OHYHO��HYDOXDWHG�DW�G �

7R�GHYHORS�D�FRQILGHQFH�LQWHUYDO�IRU�G ��ZH�QHHG�WR�ILQG�IXQFWLRQV�RI�WKH�VDP�

SOH�GDWD�WKDW�EUDFNHW�G �D�FHUWDLQ�SURSRUWLRQ�RI�WKH�WLPH��DQG�)LJXUH�����SURYLGHV

WKH�NH\�WR�REWDLQLQJ�VXFK�D�IXQFWLRQ��&RQVLGHU�WKH�XSSHU�FXUYH�LQ�WKH�JUDSK��)RU

DQ\� YDOXH� RI� G� DORQJ� WKH�;� D[LV�� WKLV� FXUYH� SORWV� WKH� REVHUYHG� YDOXH� W� EHORZ

ZKLFK�WKH�QRQFHQWUDO�W�ZLOO�RFFXU�����RI�WKH�WLPH��1RZ��VXSSRVH�WKH�WUXH�YDOXH
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RI�G �LV�G ���7KLV�PHDQV�WKDW�����RI�WKH�WLPH�WKH�REVHUYHG�W�YDOXH�ZLOO�EH�OHVV�WKDQ

WKH�YDOXH�RQ�WKH�<�D[LV�PDUNHG�DV�W��

&DUHIXO�FRQVLGHUDWLRQ�RI�WKH�XSSHU�FXUYH�UHYHDOV�WKDW�LWV�LQYHUVH��ZKLFK�H[LVWV�

EHFDXVH� WKH� IXQFWLRQ� LV�PRQRWRQLF� DQG� VWULFWO\� LQFUHDVLQJ� LQ�G�� FDQ� EH� XVHG� WR

FRQVWUXFW�D�ORZHU�FRQILGHQFH�OLPLW��RU�D�ORZHU�ERXQG�RQ�D�FRQILGHQFH�LQWHUYDO��7R

VHH� WKLV�� PRYH� DORQJ� WKH� <�D[LV� DQG�� IURP� DQ\� YDOXH� W� GUDZ� D� KRUL]RQWDO� OLQH

VWUDLJKW� RXW� XQWLO� LW� LQWHUVHFWV�ZLWK� WKH� XSSHU� FXUYH�� WKHQ� GUDZ� D� SRLQW� VWUDLJKW

GRZQ�XQWLO� WKH�;�D[LV� LV� LQWHUVHFWHG��&DOO� WKH�YDOXH�REWDLQHG� WKLV�ZD\�$�W���EH�

FDXVH�LW�LV�D�IXQFWLRQ�RI�WKH�W�YDOXH�FKRVHQ�IURP�WKH�<�D[LV��7KLV�YDOXH�LV�WKH�LQ�

YHUVH�RI�WKH�IXQFWLRQ�RI�WKH�XSSHU�FXUYH��HYDOXDWHG�DW�W��1RWH�WKDW�HDFK�YDOXH�RI�W

FRUUHVSRQGV�WR�RQH�DQG�RQO\�RQH�YDOXH�RI�G �

,PDJLQH�WKDW� WKH�WUXH�QRQFHQWUDOLW\�SDUDPHWHU� LV�G ��� ,PDJLQH�IXUWKHU� WKDW�� IRU

HDFK� YDOXH� RI� W� WKDW� LV� REVHUYHG�� \RX� FRPSXWH� WKH� LQYHUVH� RI� WKH� XSSHU� FXUYH

IXQFWLRQ� DW� W� E\� GUDZLQJ� D� OLQH� VWUDLJKW� RYHU� WR� WKH� XSSHU� FXUYH�� WKHQ� VWUDLJKW

GRZQ�WR�WKH�;�D[LV��:LWK�VXFK�D�SURFHGXUH������RI�WKH�WLPH�\RX�ZLOO�REVHUYH�D

YDOXH�RI�W�WKDW�LV�OHVV�WKDQ�W���DQG�VR�����RI�WKH�WLPH�\RX�ZLOO�REVHUYH�D�YDOXH�RI

$�W�� WKDW� LV� OHVV� WKDQ�$�W����%XW�$�W���  �G ���&RQVHTXHQWO\��$�W�� SURGXFHV� D� ���

ORZHU�FRQILGHQFH�OLPLW�IRU�G ��EHFDXVH�LW�SURGXFHV�QXPEHUV�WKDW�DUH�EHORZ�G �H[�

DFWO\�����RI�WKH�WLPH�

,I�ZH�FDOO�WKH�LQYHUVH�RI�WKH�ORZHU�FXUYH©V�IXQFWLRQ�%�W���D�VLPLODU�SURFHGXUH

SURYLGHV� DQ�XSSHU�����FRQILGHQFH� OLPLW� IRU�G �� 7KDW� LV�� GUDZ� D� KRUL]RQWDO� OLQH

IURP�DQ�REVHUYHG�W�YDOXH�RQ�WKH�<�D[LV� WR� WKH�ORZHU���WK�SHUFHQWLOH��FXUYH�� WKHQ

���

��

�� ��
��WK�SHUFHQWLOH

�WK�SHUFHQWLOH

W�
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),*85(���� 1RQFHQWUDOLW\�LQWHUYDO�HVWLPDWLRQ�ZLWK�D�FRQILGHQFH�EHOW
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GRZQ� �SHUSHQGLFXODU�� WR� WKH�;�D[LV��%\�D� VLPLODU� ORJLF� WR� WKDW� GLVFXVVHG�SUHYL�

RXVO\��WKH�YDOXH�REWDLQHG�E\�WKLV�SURFHGXUH�ZLOO�EH�DERYH�G �����RI�WKH�WLPH��DQG

ZLOO� WKHUHIRUH� EH� D� ���� XSSHU� FRQILGHQFH� OLPLW�� 7DNHQ� WRJHWKHU��$�W�� DQG�%�W�

SURYLGH�D������FRQILGHQFH�LQWHUYDO�IRU�G �

7KLV�PHWKRG�ZRUNV�� LQ�JHQHUDO�� VR� ORQJ� DV� WKH�D ��� DQG�����D ��� SUREDELOLW\
SRLQWV� DUH� PRQWRQLF� DQG� VWULFWO\� LQFUHDVLQJ� DV� D� IXQFWLRQ� RI� WKH� XQNQRZQ� SD�

UDPHWHU�ZLWK�WKH�RWKHU��NQRZQ��SDUDPHWHUV�FRQVLGHUHG�DV�IL[HG�YDOXHV��1RWH�WKDW�

LQ�SUDFWLFH��RQH�GRHV�QRW�KDYH�WR�JHQHUDWH�WKH�HQWLUH�FXUYH�RI�YDOXHV��EHFDXVH�WKH

HQGSRLQWV�RI�WKH�FRQILGHQFH�LQWHUYDO�DUH�VLPSO\�WKRVH�YDOXHV�RI�WKH�XQNQRZQ�SD�

UDPHWHU�IRU�ZKLFK�WKH�FXPXODWLYH�SUREDELOLWLHV�RI�WKH�REVHUYHG�GDWD�DUH�����D ��
DQG�D ����6R�LI�\RX�KDYH�D�FRPSXWHU�URXWLQH�WKDW�FDQ�VROYH�IRU�WKHVH�WZR�YDOXHV

GLUHFWO\��WKHUH�LV�QR�QHHG�WR�SORW�WKLV�FXUYH���,Q�SUDFWLFH��QXPHULFDO�DQDO\VLV�URRW�

ILQGLQJ�WHFKQLTXHV�OLNH�WKH�PHWKRG�RI�ELVHFWLRQ�DUH�VXEVWDQWLDOO\�IDVWHU� WKDQ�WKH

JUDSKLFDO�DSSURDFK�VKRZQ�KHUH�IRU�GHPRQVWUDWLRQ�SXUSRVHV��&RPSXWHU�VRIWZDUH

FDQ�FDOFXODWH�WKH�LQWHUYDOV�LQ�DSSUR[LPDWHO\�RQH�VHFRQG�IRU�PRVW�SUDFWLFDO�H[DP�

SOHV��

7KH�IROORZLQJ�SURSRVLWLRQ�H[SUHVVHV�VXFFLQFWO\�WKH�UHVXOW�RI�RXU�JUDSKLFDO�LQ�

YHVWLJDWLRQ�

3URSRVLWLRQ����,QYHUVLRQ�&RQILGHQFH�,QWHUYDO�3ULQFLSOH���/HW�Y�EH�WKH�REVHUYHG

YDOXH� RI� ;�� D� UDQGRP� YDULDEOH� KDYLQJ� D� FRQWLQXRXV� �FXPXODWLYH�� SUREDELOLW\

GLVWULEXWLRQ� H[SUHVVLEOH� LQ� WKH� IRUP�)�Q ��T ��  � 3U� �;�d�Q _T �� IRU� VRPH� QXPHULFDO
SDUDPHWHU�T �� /HW� )�Q ��T �� EH� PRQRWRQLF�� DQG� VWULFWO\� GHFUHDVLQJ� LQ� T �� IRU� IL[HG

YDOXHV� RI� Q � � /HW� O�� DQG� O�� EH� FKRVHQ� VR� WKDW� 3U��;�d�Q � _�T� �O��� �����D ��� DQG
3U��;��dQ � _T� �O��� �D ����7KHQ�O��LV�D�ORZHU�����D ���FRQILGHQFH�OLPLW�IRU�T ��O��LV�DQ
XSSHU�����D ���FRQILGHQFH�OLPLW�IRU�T ��DQG�WKH�LQWHUYDO�ZLWK�O��DQG�O��DV�HQGSRLQWV�LV
D�����D�FRQILGHQFH�LQWHUYDO�IRU�T �

:H�FDOO�WKH�PHWKRG�ZH�KDYH�MXVW�GHVFULEHG�QRQFHQWUDOLW\�LQWHUYDO�HVWLPDWLRQ�

EHFDXVH�LQ�SUDFWLFH�RQH�IUHTXHQWO\�HVWLPDWHV�WKH�QRQFHQWUDOLW\�SDUDPHWHU�HQ�URXWH

WR� D� PRUH� LQWHUHVWLQJ� VWDWLVWLFDO� TXDQWLW\�� 7KH� IROORZLQJ� QXPHULFDO� H[DPSOH

VKRZV� KRZ� WKH� PHWKRG� LV� XVHG� WR� HVWLPDWH� VWDQGDUGL]HG� HIIHFW� VL]H� LQ� D� WZR�

JURXS�H[SHULPHQW�

([DPSOH� ��� � (VWLPDWLQJ� WKH� 6WDQGDUGL]HG� (IIHFW� LQ� 7ZR�*URXS� ([SHULPHQWV�� � ,Q

WKLV�H[DPSOH��ZH�DSSO\�WKH�QRQFHQWUDOLW\�LQWHUYDO�HVWLPDWLRQ�DSSURDFK�WR�WZR�K\�

SRWKHWLFDO� WZR�JURXS� H[SHULPHQWV�� HDFK� LQYROYLQJ� WZR� LQGHSHQGHQW� VDPSOHV� RI

HTXDO�VL]H��([SHULPHQW���ZDV�EDVHG�RQ�DQ�H[WUHPHO\�ODUJH�VDPSOH�VL]H�RI�����SHU

JURXS��ZKHUHDV�([SHULPHQW���KDG�RQO\����SHU�JURXS��7KH�WZR�WDLOHG�S�OHYHOV�IRU

WKH� H[SHULPHQWV� ZHUH� DSSUR[LPDWHO\� WKH� VDPH�� ZLWK� ([SHULPHQW� �� KDYLQJ� WKH

KLJKHU�S�OHYHO����������([SHULPHQW���KDG�D�S�OHYHO�RI��������DQG�WKXV�ZDV�¦PRUH
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VLJQLILFDQW�§�6XPPDU\�VWDWLVWLFV� IRU� WKH�H[SHULPHQWV�� DORQJ�ZLWK�FRQILGHQFH� LQ�

WHUYDOV�IRU�WKH�VWDQGDUGL]HG�HIIHFW�VL]H��DUH�VKRZQ�LQ�7DEOH�����

:H�QRZ�SURFHHG� WR�GHPRQVWUDWH�KRZ� WKH�FRQILGHQFH� LQWHUYDO� IRU�(V�PD\�EH

FDOFXODWHG��)LUVW��ZH�FDOFXODWH�D� ����FRQILGHQFH� LQWHUYDO� IRU�G ��7KH� W�VWDWLVWLF� LQ

*URXS���KDV�DQ�REVHUYHG�YDOXH�RI� ������ZLWK����GHJUHHV�RI� IUHHGRP��7KH�HQG�

SRLQWV�RI� WKH� FRQILGHQFH� LQWHUYDO� IRU�G� DUH� WKRVH� YDOXHV� RI�G � WKDW� JHQHUDWH� WKH

XQLTXH�QRQFHQWUDO�W���G�GLVWULEXWLRQV�LQ�ZKLFK�WKH�REVHUYHG�YDOXH�RI������KDV�FX�

PXODWLYH�SUREDELOLW\������DQG�������,I�D�JRRG�QRQFHQWUDO�W�GLVWULEXWLRQ�FDOFXODWLRQ

SURJUDP�LV�DYDLODEOH��DQG�LWV�RXWSXW�FDQ�EH�SORWWHG��WKHVH�YDOXHV�PD\�EH�DSSUR[L�

PDWHG�IDLUO\�FORVHO\�E\�JUDSKLFDO�DQDO\VLV��)LJXUH�����VKRZV�D�SORW�RI�WKH�FXPX�

ODWLYH�SUREDELOLW\�RI�WKH�YDOXH������DV�D�IXQFWLRQ�RI�G �IRU�WKH�IDPLO\�RI�QRQFHQWUDO

W�GLVWULEXWLRQV�ZLWK����GHJUHHV�RI�IUHHGRP�

7$%/(����

�&RPSDULVRQ�RI�FRQILGHQFH�LQWHUYDOV�IRU�(V�LQ�WZR�H[SHULPHQWV�

([SHULPHQW�� ([SHULPHQW��

Q�SHU�JURXS �� ���

2EVHUYHG�W�VWDWLVWLF ���� ����

S�OHYHO����WDLOHG� ����� �����

����&RQILGHQFH�,QWHUYDO�IRU�(V ��������������� ��������������

1RQFHQWUDOLW\�3DUDPHWHU
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),*85(����� �1RQFHQWUDOLW\�DQG�WKH�FXPXODWLYH�SUREDELOLW\�RI�DQ�REVHUYHG�W�VWDWLVWLF
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=RRPLQJ�LQ�RQ�D�QDUURZHU�UHJLRQ�RI�)LJXUH������ZH�REWDLQ�WKH�YLHZ�VKRZQ�LQ

)LJXUH������LQ�ZKLFK�ZH�FDQ�SLQSRLQW��ZLWK�D�KLJK�GHJUHH�RI�DFFXUDF\��WKH�YDOXH

RI�G� IRU�ZKLFK�WKH�FXPXODWLYH�SUREDELOLW\�LV������DW�DSSUR[LPDWHO\��������7KLV�LV

WKH�ORZHU�HQGSRLQW�RI�WKH�����FRQILGHQFH�LQWHUYDO�IRU�G ��,Q�D�VLPLODU�PDQQHU��ZH

FDQ�GHWHUPLQH�WKH�YDOXH�IRU�WKH�XSSHU�HQGSRLQW�DV��������

:H�UHFDOO�IURP�(TXDWLRQ������WKDW��XVLQJ�WKH�FRQILGHQFH�LQWHUYDO�WUDQVIRUPD�

WLRQ�SULQFLSOH��WKHVH�HQGSRLQWV�PD\�EH�WUDQVIRUPHG�LQWR�D�FRQILGHQFH�LQWHUYDO�IRU

WKH�VWDQGDUGL]HG�HIIHFW�VL]H�(V�E\�PXOWLSO\LQJ�WKHP�E\

������� 
�� ���

�� ��× �

&RQVHTXHQWO\�� WKH� ���� FRQILGHQFH� LQWHUYDO� IRU� (V�
KDV� HQGSRLQWV� ������ DQG

�������� ,Q�D� VLPLODU�PDQQHU��ZH� FDQ�GHWHUPLQH� WKH� FRQILGHQFH� LQWHUYDO� IRU�([�

SHULPHQW���WR�EH�������DQG�������

7KH�FRQILGHQFH�LQWHUYDOV�IRU�(V�GHPRQVWUDWH�FOHDUO\�WKDW�WKH�H[SHULPHQWV�KDYH

UDWKHU�GLIIHUHQW�LPSOLFDWLRQV��,Q�([SHULPHQW����D�����FRQILGHQFH�LQWHUYDO�IRU�(V
UDQJHV�IURP�RQO\�������WR�������VWDQGDUG�GHYLDWLRQ�XQLWV��,Q�RWKHU�ZRUGV��WKH�H[�

SHULPHQW�GHWHUPLQHG��ZLWK�D�KLJK�GHJUHH�RI�SUHFLVLRQ�� WKDW� WKH� HIIHFW� LV� DW� EHVW

1RQFHQWUDOLW\�3DUDPHWHU
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PRGHUDWH�� DQG� TXLWH� SRVVLEO\� OHVV� WKDQ� D� WHQWK� RI� D� VWDQGDUG� GHYLDWLRQ��2Q� WKH

RWKHU� KDQG�� WKH� FRQILGHQFH� LQWHUYDO� LQ� ([SHULPHQW� �� GHPRQVWUDWHV� WKDW� WKH� H[�

SHULPHQWDO�HIIHFW�KDV�QRW�EHHQ�GHWHUPLQHG�ZLWK�SUHFLVLRQ��7KH�FRQILGHQFH�LQWHU�

YDO� IRU�(V� LQFOXGHV� VXFK� GLVSDUDWH� YDOXHV� DV� ����� �VPDOO� HIIHFW�� DQG� ����� �YHU\

SRZHUIXO�HIIHFW���&OHDUO\��WKH�FRQILGHQFH�LQWHUYDOV�IRU�(V�FRQYH\�PXFK�PRUH�XVH�

IXO�LQIRUPDWLRQ�WKDQ�WKH�S�OHYHOV�

$33/,&$7,216�2)�121&(175$/,7<�,17(59$/�(67,0$7,21

7KH� QRQFHQWUDOLW\� LQWHUYDO� HVWLPDWLRQ� DSSURDFK�ZH� LOOXVWUDWHG� LQ� WKH� SUHFHGLQJ

VHFWLRQ�FDQ�EH�DSSOLHG�LQ�D�QXPEHU�RI�FRPPRQ�GDWD�DQDO\WLF�VLWXDWLRQV��+HUH�ZH

H[DPLQH�VHYHUDO��VKRZLQJ�KRZ�QRQFHQWUDOLW\�LQWHUYDO�HVWLPDWLRQ�DGGV�VXEVWDQWLDO

QHZ�LQIRUPDWLRQ�WR�WKH�DQDO\VLV�

6WDQGDUGL]HG�(IIHFW�6L]H�IRU�3ODQQHG�2UWKRJRQDO

&RQWUDVWV�

$V�D�UHVXOW�RI�RXU�SUHFHGLQJ�DQDO\VLV�RI�([SHULPHQWV���DQG����ZH�PLJKW�ZLVK�WR

HVWLPDWH� WKH� GLIIHUHQFH� LQ� VWDQGDUGL]HG� HIIHFW� VL]HV�ZLWK� D� FRQILGHQFH� LQWHUYDO�

:H�FDQ�GR�WKLV�E\�XVLQJ�D�SODQQHG�RUWKRJRQDO�FRQWUDVW��3ODQQHG�RUWKRJRQDO�FRQ�

WUDVWV�DUH�DQ�H[WHQVLRQ�RI� WKH� WZR�VDPSOH� W�VWDWLVWLF� WKDW�FDQ�EH�SHUIRUPHG� URX�

WLQHO\�RQ�.�LQGHSHQGHQW�VDPSOHV�WR�WHVW�K\SRWKHVHV�RI�WKH�IRUP

Ψ = =
=

∑FN N

N

.

µ �
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� ������

7KH�FN� DUH� UHIHUUHG� WR� DV� ¦OLQHDU�ZHLJKWV�§� RU� ¦FRQWUDVW�ZHLJKWV�§� DQG� GHWHU�

PLQH� WKH� K\SRWKHVLV� EHLQJ� WHVWHG�� )RU� H[DPSOH�� LI� . = � �� DQG� WKH� FRQWUDVW

ZHLJKWV� DUH� +��DQG� −��� WKHQ�<�  � P ����P �� DQG� WKH�K\SRWKHVLV� EHLQJ� WHVWHG� LV

WKDW�WKH�WZR�PHDQV�DUH�HTXDO��8QGHU�WKH�VWDQGDUG�DVVXPSWLRQV�RI�QRUPDOLW\�DQG

KRPRJHQHLW\�RI�YDULDQFH��VXFK�K\SRWKHVHV�PD\�EH�WHVWHG�ZLWK�D�W�VWDWLVWLF�RI�WKH
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7KH�W�VWDWLVWLF�KDV�D�QRQFHQWUDO�W�GLVWULEXWLRQ�ZLWK�GHJUHHV�RI�IUHHGRP�HTXDO�WR

WKRVH�IRU�PHDQ�VTXDUH�HUURU��DQG�D�QRQFHQWUDOLW\�SDUDPHWHU�JLYHQ�E\
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&RQILGHQFH�LQWHUYDOV�IRU�Ψ �PD\�EH�FRQVWUXFWHG�ZLWK�HQGSRLQWV
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+RZHYHU��D�FRQILGHQFH�LQWHUYDO�IRU�WKH�VWDQGDUGL]HG�FRQWUDVW
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LV�JHQHUDOO\�PRUH�LQIRUPDWLYH��EHFDXVH�LW�H[SUHVVHV�KRZ�IDOVH�WKH�QXOO�K\SRWKHVLV

LV�LQ�VWDQGDUGL]HG�XQLWV�RI�PHDVXUHPHQW��%HFDXVH
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LW� LV�D� WULYLDO�PDWWHU� WR�FRQYHUW�D�FRQILGHQFH� LQWHUYDO� IRU�G � LQWR�RQH� IRU�< V�� WKH

VWDQGDUGL]HG�FRQWUDVW�

([DPSOH�����&RQWUDVWLQJ�WKH�0HDQ�'LIIHUHQFHV�IRU�7ZR�([SHULPHQWV���6XSSRVH��IRU

WKH�VDNH�RI�VLPSOLFLW\�� WKDW�06HUURU� LV�HTXDO� WR����� LQ�ERWK�H[SHULPHQWV� LQ�7DEOH

����� ,I�ZH� FRPSDUH� WKH�PHDQ�GLIIHUHQFHV� IRU� WKH� WZR� H[SHULPHQWV�� WKH� FRQWUDVW

ZHLJKWV�DUH

F F F F� � � �� � � �= = − = − =� � � �

7KH�PHDQ�GLIIHUHQFHV�DUH��������LQ�([SHULPHQW���DQG�������LQ�([SHULPHQW���

7KH� W�VWDWLVWLF�FRPSDULQJ� WKH� WZR�PHDQ�GLIIHUHQFHV� LV� �������7KH�QRQFHQWUDOLW\

LQWHUYDO�HVWLPDWLRQ�WHFKQLTXH�PD\�EH�DSSOLHG�WR�WKH�GDWD�LQ�7DEOH�����WR�REWDLQ�D

���� FRQILGHQFH� LQWHUYDO� HVWLPDWH� RQ� WKH� GLIIHUHQFH� LQ� VWDQGDUGL]HG� HIIHFWV� EH�
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WZHHQ�([SHULPHQWV���DQG����:H�ILQG�WKDW�WKLV�FRQILGHQFH�LQWHUYDO�KDV�HQGSRLQWV

RI��������DQG��������6LQFH�WKH�FRQILGHQFH�LQWHUYDO�GRHV�QRW�LQFOXGH�]HUR��WKH�ILUVW
�¦OHVV�VLJQLILFDQW§��H[SHULPHQW�KDV�D�VLJQLILFDQWO\�KLJKHU�VWDQGDUGL]HG�HIIHFW�WKDQ

WKH�VHFRQG��¦PRUH�VLJQLILFDQW§��H[SHULPHQW��DOWKRXJK� WKH�VL]H�RI� WKH�HIIHFW�GLI�

IHUHQFH�KDV�QRW�EHHQ�HVWDEOLVKHG�ZLWK�PXFK�SUHFLVLRQ�

7KLV�FRQILGHQFH�LQWHUYDO�SURYLGHV�PXFK�PRUH�XVHIXO��DQG�PXFK�PRUH�DFFXUDWH

LQIRUPDWLRQ�DERXW�WKH�UHODWLYH�HIIHFWV�LQ�WKH�WZR�H[SHULPHQWV�WKDQ�D�FRPSDULVRQ

RI�WKH�S�OHYHOV�

([DFW�&RQILGHQFH�,QWHUYDOV�IRU�5RRW�0HDQ�6TXDUH

6WDQGDUGL]HG�(IIHFW�6L]H�LQ�WKH�2QH�:D\�)L[HG�(IIHFWV

$QDO\VLV�RI�9DULDQFH�

7KH�LGHDV�ZH�GHYHORSHG�IRU�D�VLQJOH�FRQWUDVW�RQ�PHDQV� LQ� WKH�FRQWH[W�RI� WKH� W�

VWDWLVWLF�JHQHUDOL]H�UHDGLO\�WR�WKH�FDVH�RI�VHYHUDO�FRQWUDVWV�LQ�WKH�DQDO\VLV�RI�YDUL�

DQFH��,Q�RUWKRJRQDO�DQDO\VLV�RI�YDULDQFH�GHVLJQV�ZLWK�HTXDO�FHOO�VL]HV��WKH�)�VWD�

WLVWLF�KDV�D�QRQFHQWUDO�)�GLVWULEXWLRQ�WKDW��LQ�JHQHUDO��LV�D�VLPSOH�IXQFWLRQ�RI�WKH

URRW� PHDQ� VTXDUH� VWDQGDUGL]HG� HIIHFW�� +HUH� ZH� H[DPLQH� WKH� VLPSOHVW� VSHFLDO

FDVH�� WKH� RQH�ZD\� IL[HG�HIIHFWV� DQDO\VLV� RI� YDULDQFH� ZLWK� Q� REVHUYDWLRQV� SHU

JURXS��&RQVLGHU�WKH�)�VWDWLVWLF�LQ�D�RQH�ZD\��IL[HG�HIIHFWV�$129$�ZLWK�Q�REVHU�

YDWLRQV�SHU�JURXS��DQG�.�JURXSV��/HW�D N�EH�WKH�WUHDWPHQW�HIIHFW�DVVRFLDWHG�ZLWK

JURXS� N�� DQG� V �� EH� WKH� HUURU� YDULDQFH�� 7KH� )� VWDWLVWLF� ZLWK� .����� DQG

.��Q������GHJUHHV�RI�IUHHGRP�KDV�QRQFHQWUDOLW\�SDUDPHWHU

δ α
σ

= F
HG

I
KJ=

∑Q N

N

. �

�

� ������

7KH�TXDQWLW\�G����Q�LV�WKXV�WKH�VXP�RI�VTXDUHG�VWDQGDUGL]HG�HIIHFWV��1RZ��VXS�
SRVH�ZH�ZLVK�WR�¦DYHUDJH§�WKHVH�VWDQGDUGL]HG�HIIHFWV�LQ�RUGHU�WR�REWDLQ�DQ�RYHU�

DOO� PHDVXUH� RI� VWUHQJWK� RI� HIIHFWV� LQ� WKH� GHVLJQ�� 2QH� SRVVLELOLW\� LV� VLPSO\� WKH

DULWKPHWLF� DYHUDJH� RI� WKH�.� VWDQGDUGL]HG� HIIHFWV�� WKDW� LV��G ��Q.���2QH� SUREOHP

ZLWK� WKLV�PHDVXUH� LV� WKDW� LW� LV� WKH� DYHUDJH� VTXDUHG� HIIHFW�� DQG� VR� LV� QRW� LQ� WKH

SURSHU�XQLW�RI�PHDVXUHPHQW��$�VHFRQG�SUREOHP�LV�WKDW�EHFDXVH�RI�WKH�ZD\�HIIHFWV

DUH�GHILQHG�LQ�WKH�DQDO\VLV�RI�YDULDQFH��WKHUH�DUH�RQO\�.�����PDWKHPDWLFDOO\�LQGH�

SHQGHQW� HIIHFWV�� EHFDXVH� WKHUH� LV� RQH� FRQVWUDLQW� LPSRVHG� XSRQ� WKH� HIIHFWV� IRU

LGHQWLILDELOLW\�� WKDW� LV�� WKDW� WKH� HIIHFWV� VXP� WR� ]HUR�� %HFDXVH� WKH� GHILQLWLRQ� RI

¦HIIHFW§�LQ�WKH�DQDO\VLV�RI�YDULDQFH�GHSHQGV�RQ�D�PDWKHPDWLFDO�UHVWULFWLRQ�WKDW�LV

DUELWUDU\�� WKHUH� DUH� LQ� IDFW� LQILQLWHO\�PDQ\�ZD\V�ZH� FRXOG� FKRRVH� WR� GHILQH� DQ

$129$�HIIHFW��2IWHQ��WKH�¦HIIHFWV§�GHILQHG�E\�WKH�VWDQGDUG�$129$�UHVWULFWLRQ

QHHG� QRW� FRLQFLGH� ZLWK� H[SHULPHQWDO� HIIHFWV� WKH� ZD\� ZH� FRPPRQO\� WKLQN� RI

WKHP��&RQVLGHU�WKH�YHU\�VLPSOH�VSHFLDO�FDVH�RI�D�WZR�JURXS�H[SHULPHQW�LQYROY�
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LQJ� D� WUHDWPHQW� JURXS� DQG� D� SODFHER� FRQWURO�� 6XSSRVH� WKH� SRSXODWLRQ� VWDQGDUG

GHYLDWLRQ�LV����DQG�WKH�FRQWURO�JURXS�KDV�D�SRSXODWLRQ�PHDQ�RI����WKH�H[SHULPHQ�

WDO�JURXS�KDV�D�SRSXODWLRQ�PHDQ�RI����,Q�WKLV�FDVH��WKHUH�LV�RQH�VWDQGDUGL]HG�H[�

SHULPHQWDO�HIIHFW��DQG�LW�LV���VWDQGDUG�GHYLDWLRQV�LQ�VL]H��2Q�WKH�RWKHU�KDQG��WKH

DQDO\VLV�RI�YDULDQFH�GHILQHV� WZR�HIIHFWV�� DQG� WKH\�DUH�D �� ����DQG�D �� ����� UH�

VSHFWLYHO\��6R�� LI�ZH�DYHUDJH� WKH�VXP�RI�VTXDUHG�$129$�HIIHFWV��ZH�FRPH�XS

ZLWK�DQ�DYHUDJH�VTXDUHG�HIIHFW�RI����&OHDUO\��WKLV�LV�PLVOHDGLQJ��DQ�DUWLIDFW�RI�WKH

ZD\�$129$�HIIHFWV�DUH�GHILQHG�

7KHUH� LV�� LQ� RXU� RSLQLRQ�� QR� VLPSOH�� XQLYHUVDOO\� DFFHSWDEOH� VROXWLRQ� WR� WKLV

SUREOHP��+RZHYHU��DYHUDJLQJ�ZLWK�.�DSSHDUV�WR��XQGHUHVWLPDWH�HIIHFW�OHYHOV�FRQ�

VLVWHQWO\��&RQVHTXHQWO\��ZH�SURSRVH�WR�DYHUDJH�E\�WKH�QXPEHU�RI�LQGHSHQGHQW�HI�

IHFWV�� WKDW� LV��.������:LWK� WKLV� VWLSXODWLRQ��G � > �.�����Q @� LV� WKH� DYHUDJH� VTXDUHG

VWDQGDUGL]HG�HIIHFW��DQG�WKH�URRW�PHDQ�VTXDUH�VWDQGDUGL]HG�HIIHFW�LV

5066(
. Q

=
−
δ
�b g � ������

:LWK�WKLV�GHILQLWLRQ��ZH�ILQG�WKDW��LQ�WKH�DERYH�QXPHULFDO�H[DPSOH��WKH�5066(

LV������

,Q�RUGHU� WR�REWDLQ�D�FRQILGHQFH� LQWHUYDO� IRU�5066(��ZH�SURFHHG�DV� IROORZV�

)LUVW��ZH�REWDLQ�D�FRQILGHQFH�LQWHUYDO�HVWLPDWH�IRU�G �E\�LWHUDWLRQ��XVLQJ�WKH�QRQ�
FHQWUDOLW\� LQWHUYDO� HVWLPDWLRQ� DSSURDFK�� 1H[W�� ZH� GLUHFWO\� WUDQVIRUP� WKH� HQG�

SRLQWV�E\�GLYLGLQJ�E\��.�����Q��)LQDOO\��ZH�WDNH�WKH�VTXDUH�URRW��7KH�UHVXOW�LV�DQ

H[DFW� FRQILGHQFH� LQWHUYDO� IRU� WKH� URRW� PHDQ� VTXDUH� VWDQGDUGL]HG� HIIHFW� LQ� WKH

DQDO\VLV�RI�YDULDQFH�

([DPSOH�����&RQILGHQFH�,QWHUYDOV�RQ�WKH�5066(���6XSSRVH�D�RQH�ZD\�IL[HG�HI�

IHFWV�$129$�LV�SHUIRUPHG�RQ���JURXSV��HDFK�ZLWK�DQ�Q�RI�����$Q�RYHUDOO�)�VWD�

WLVWLF�RI������LV�REWDLQHG��ZLWK�D�S�OHYHO�RI��������7KH�)�WHVW�LV�WKXV�¦KLJKO\�VLJ�

QLILFDQW§�DQG�WKH�QXOO�K\SRWKHVLV�LV�UHMHFWHG�DW�WKH�����OHYHO��,Q�WKLV�FDVH��WKH�QRQ�

FHQWUDOLW\� LQWHUYDO� HVWLPDWH� SURYLGHV� D� VRPHZKDW� OHVV� DZH�LQVSLULQJ� DFFRXQW� RI

ZKDW� KDV� EHHQ� IRXQG�� 6SHFLILFDOO\�� WKH� ���� FRQILGHQFH� LQWHUYDO� IRU� G� UDQJHV

IURP������� WR� ��������� DQG� WKH� FRUUHVSRQGLQJ� FRQILGHQFH� LQWHUYDO� IRU� WKH� URRW

PHDQ�VTXDUH�VWDQGDUGL]HG�HIIHFW�UDQJHV�IURP�������WR��������(IIHFWV�DUH�DOPRVW

FHUWDLQO\�¦WKHUH�§�EXW�WKH\�DUH�RQ�WKH�RUGHU�RI�KDOI�D�VWDQGDUG�GHYLDWLRQ�

([DPSOH�����&RQILGHQFH�,QWHUYDOV�RQ�+D\V©�K ����)OHLVKPDQ��������GHVFULEHG�WKH

FDOFXODWLRQ� RI� FRQILGHQFH� LQWHUYDOV� RQ� WKH� QRQFHQWUDOLW\� SDUDPHWHU� RI� WKH� QRQ�

FHQWUDO�)�GLVWULEXWLRQ�WR�REWDLQ��LQ�D�PDQQHU�HTXLYDOHQW� WR� WKDW�HPSOR\HG�LQ� WKH

SUHYLRXV�WZR�H[DPSOHV��FRQILGHQFH�LQWHUYDOV�RQ��+D\V©�K ���ZKLFK�LV�GHILQHG�DV
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DQG�VR�I � �UHODWHV�WR�G� LQ�D�RQH�ZD\�IL[HG�HIIHFWV�$129$�YLD�WKH�HTXDWLRQ
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)OHLVKPDQ� ������� FLWHV� DQ� H[DPSOH� JLYHQ� E\�9HQDEOHV� ������� RI� D� ��JURXS

$129$�ZLWK�Q� ����SHU�FHOO��DQG�DQ�REVHUYHG�)�RI���������,Q�WKLV�FDVH��WKH����

FRQILGHQFH�LQWHUYDO�IRU� WKH�QRQFHQWUDOLW\�SDUDPHWHU�G �KDV�HQGSRLQWV��������DQG

��������ZKHUHDV�WKH�FRQILGHQFH�LQWHUYDO�IRU�I � �UDQJHV�IURP������WR�������

([DFW�&RQILGHQFH�,QWHUYDOV�IRU�5066(�LQ�)L[HG�(IIHFW

)DFWRULDO�$129$

7KH�PHWKRG�RI�WKH�SUHFHGLQJ�VHFWLRQ�PD\�EH�JHQHUDOL]HG�WR�FRPSOHWHO\�UDQGRP�

L]HG�IDFWRULDO�GHVLJQV�LQ�WKH�DQDO\VLV�RI�YDULDQFH��+RZHYHU��VRPH�PRGLILFDWLRQ�LV

QHFHVVDU\��EHFDXVH�WKH�QRQFHQWUDOLW\�SDUDPHWHU�IRU�IDFWRULDO�IL[HG�HIIHFWV�GHVLJQV

LV�D�IXQFWLRQ�RI�WKH�QXPEHU�RI�FHOOV�LQ�ZKLFK�DQ�HIIHFW�RSHUDWHV��&RQVLGHU��IRU�H[�

DPSOH�� WKH� WZR�ZD\� IL[HG�HIIHFWV�$129$��ZLWK�-� URZV��.� FROXPQV��DQG�Q�RE�

VHUYDWLRQV�SHU�FHOO��&RQVLGHU� WKH�)�VWDWLVWLF� IRU� URZ�HIIHFWV��7KLV� VWDWLVWLF� LV� HV�

VHQWLDOO\�WKH�RQH�ZD\�DQDO\VLV�RI�YDULDQFH�FRPSXWHG�RQ�WKH�URZ�PHDQV�FROODSVHG

DFURVV�FROXPQV��&RQVHTXHQWO\��WKH�VWDWLVWLF�KDV�D�QRQFHQWUDO�)�GLVWULEXWLRQ�ZLWK

QRQFHQWUDOLW\�SDUDPHWHU
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(DFK� URZ�HIIHFW� RSHUDWHV�RQ�.� FROXPQV�� DQG�QDWXUDOO\� WKH�QRQFHQWUDOLW\�SD�

UDPHWHU�RI� WKH�)�GLVWULEXWLRQ�UHIOHFWV� WKDW�IDFW��6LPLODUO\�� WKH�)�VWDWLVWLF�IRU�FRO�

XPQ�HIIHFWV�LV�HVVHQWLDOO\�D�RQH�ZD\�DQDO\VLV�RI�YDULDQFH�SHUIRUPHG�RQ�WKH�FRO�

XPQ�PHDQV�FROODSVHG�DFURVV�URZV��DQG�WKH�QRQFHQWUDOLW\�SDUDPHWHU�IRU�WKH�RYHU�

DOO�)�VWDWLVWLF�IRU�FROXPQ�HIIHFWV�LV

δ β
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,Q�JHQHUDO��WKH�5066(�IRU�D�SDUWLFXODU�HIIHFW�LV�RI�WKH�IRUP

5066(
Q GI

HIIHFW
HIIHFW

HIIHFW HIIHFW

=
δ

� ������

ZKHUH��G HIIHFW�LV�WKH�QRQFHQWUDOLW\�SDUDPHWHU�IRU�WKH�)�VWDWLVWLF�IRU�WKH�HIIHFW��DQG

QHIIHFW�LV�WKH�WRWDO�QXPEHU�RI�REVHUYDWLRQV�LQ�WKH�FROOHFWHG�FHOO�PHDQV�XVHG�WR�FRP�

SXWH� WKH� HIIHFW�� )RU� H[DPSOH�� LQ� D� WZR�ZD\�$129$�� WKH� URZ� HIIHFWV� DUH� HVWL�

PDWHG�E\�VXPPLQJ�DFURVV�WKH�.�FROXPQV�WR�UHGXFH�WKH�$129$��LQ�HIIHFW�� WR�D

RQH�ZD\�$129$�RQ� FHOO�PHDQV� EDVHG� RQ�Q.�REVHUYDWLRQV� SHU� ¦FHOO�§� )RU� WKH

$%�LQWHUDFWLRQ��KRZHYHU��QHIIHFW� LV�Q��EHFDXVH�LQWHUDFWLRQV�DUH�FRPSXWHG�RQ� LQGL�

YLGXDO� FHOOV�� QRW� RQ� URZV� RU� FROXPQV� WKDW� DUH� VXPPHG� DFURVV�� ,Q� D� WKUHH�ZD\

$129$��ZLWK�-�URZV��.�FROXPQV��DQG�+�OHYHOV�RI�WKH�WKLUG�IDFWRU��QHIIHFW�IRU�WKH

URZ�HIIHFW�LV�Q.+�

([DPSOH�����5066(�LQ�D�7ZR�ZD\�$129$���6XSSRVH�D�WZR�ZD\�� �× $129$�LV

SHUIRUPHG�ZLWK�Q� ���REVHUYDWLRQV�SHU�FHOO��DQG�WKH�VRXUFH�WDEOH� LV�DV� LQ�7DEOH

�����,Q�WKLV�VRXUFH�WDEOH��DOO���HIIHFWV�DUH�VLJQLILFDQW��7KHUH�LV�D�VLJQLILFDQW�PDLQ

HIIHFW� IRU� IDFWRUV�$� DQG�%�� DQG� D� VLJQLILFDQW�$%� LQWHUDFWLRQ��1RWLFH� WKDW� WKH� S

OHYHO�IRU�WKH�$�PDLQ�HIIHFW���������LV�DERXW�KDOI�WKDW�IRU�WKH�LQWHUDFWLRQ���������

2QH�PLJKW�EH�WHPSWHG�WR�GHFODUH�WKH�$�PDLQ�HIIHFW� WR�EH�¦PRUH�VLJQLILFDQW§

WKDQ� WKH� LQWHUDFWLRQ�� +RZHYHU�� WKH� ���� 5066(� FRQILGHQFH� LQWHUYDOV� IRU� WKH

PDLQ� HIIHFWV� DQG� LQWHUDFWLRQ�ZRXOG� VHHP� WR�GLVSXWH� WKDW��7KH� ORZ�HQGV� IRU� WKH

FRQILGHQFH�LQWHUYDOV�DUH�YLUWXDOO\�LGHQWLFDO��7KH�XSSHU�HQG�RI�WKH�FRQILGHQFH�LQ�

WHUYDO�IRU�WKH�$%�LQWHUDFWLRQ�HIIHFW�LV�VXEVWDQWLDOO\�KLJKHU�IRU�WKH�$%�LQWHUDFWLRQ

WKDQ�IRU�HLWKHU�PDLQ�HIIHFW�

7KLV�VXJJHVWV�WKDW�WKHUH�LV�OHVV�SRZHU��DQG�SUHFLVLRQ�RI�HVWLPDWH��IRU�GHWHFWLQJ

LQWHUDFWLRQ�HIIHFWV�WKDQ�IRU�GHWHFWLQJ�PDLQ�HIIHFWV�LQ�WKLV�GHVLJQ��,W�LV�ZLVH�WR�UH�

PHPEHU� WKLV� ZKHQ� PDNLQJ� GHFLVLRQV� DERXW� WKH� ¦DGGLWLYLW\§� RI� PRGHOV� LQ� WKH

DQDO\VLV� RI� YDULDQFH�� 7KH� WDEOH� DOVR� GUDPDWL]HV� WKDW�� EHFDXVH� RI� WKH� GLIIHUHQW

SRZHU�FXUYHV��GLIIHUHQW�QXPEHUV�RI�FHOOV��DQG�GLIIHUHQW�FRQVWUDLQWV�RQ�HIIHFWV��LW�LV
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YHU\� ULVN\� WR� FKDUDFWHUL]H� RQH� UHVXOW� DV� ¦PRUH� VLJQLILFDQW§� WKDQ� DQRWKHU� RQ� WKH

EDVLV�RI�S�OHYHOV�LQ�$129$�

([DFW�&RQILGHQFH�,QWHUYDOV�IRU�WKH�6TXDUHG�0XOWLSOH

&RUUHODWLRQ

2QH� YHU\� FRPPRQ� VWDWLVWLFDO� DSSOLFDWLRQ� WKDW� SUDFWLFDOO\� FULHV� RXW� IRU� D� FRQIL�

GHQFH�LQWHUYDO�LV�PXOWLSOH�UHJUHVVLRQ�DQDO\VLV��3XEOLVKLQJ�DQ�REVHUYHG�5��WRJHWKHU

ZLWK�WKH�UHVXOW�RI�D�K\SRWKHVLV�WHVW�WKDW�WKH�SRSXODWLRQ�VTXDUHG�PXOWLSOH�FRUUHOD�

WLRQ��5 � �� LV�]HUR��FRQYH\V�OLWWOH�RI�WKH�DYDLODEOH�VWDWLVWLFDO�LQIRUPDWLRQ��$�FRQIL�

GHQFH� LQWHUYDO�RQ�5 � � LV�PXFK�PRUH� LQIRUPDWLYH��([DFW� FRQILGHQFH� LQWHUYDOV�RQ

5 � �FDQ�EH�FRPSXWHG�XVLQJ�WKH�LQYHUVLRQ�LQWHUYDO�HVWLPDWLRQ�DSSURDFK��<HW�JHQ�

HUDO�SXUSRVH�VWDWLVWLFDO�SDFNDJHV�GR�QRW�FDOFXODWH�VXFK�D�FRQILGHQFH�LQWHUYDO��DQG

QXPHURXV�ZHOO�NQRZQ�WH[WERRNV�RQ�PXOWLYDULDWH�DQDO\VLV�DW�ERWK�WKH�WKHRUHWLFDO

DQG�DSSOLHG� OHYHOV� �H�J���$QGHUVRQ��������0RUULVRQ��������GR�QRW�DOOXGH� WR� WKH

SRVVLELOLW\�RI�FDOFXODWLQJ�VXFK�DQ�LQWHUYDO��7KH�UHVXOW� LV� WKDW�QXPHURXV�PXOWLSOH

UHJUHVVLRQ�VWXGLHV�KDYH�SXEOLVKHG�5��YDOXHV��DORQJ�ZLWK�YDULRXV�¦VKUXQNHQ§�HV�

WLPDWRUV��ZLWK�QR�LQGLFDWLRQ�RI�H[SHULPHQWDO�SUHFLVLRQ�

.UDPHU��������DQG�/HH��������GHVFULEHG�PHWKRGV�IRU�FDOFXODWLQJ�WKH�FXPX�

ODWLYH�GLVWULEXWLRQ�RI� WKH� VTXDUHG�PXOWLSOH� FRUUHODWLRQ� FRHIILFLHQW��%RWK� DXWKRUV

LQFOXGHG�WDEOHV�LQ�WKHLU�DUWLFOHV��)RU�D�JLYHQ�REVHUYHG�5���IL[HG�VDPSOH�VL]H��DQG

QXPEHU�RI�SUHGLFWRUV��WKH�GLVWULEXWLRQ�RI�5��FDQ�EH�H[SUHVVHG�DV�D�IXQFWLRQ�RI�5 � �

�6HH��IRU�H[DPSOH��/HH���������S��������&RQVHTXHQWO\�� WKH�LQYHUVLRQ�FRQILGHQFH

LQWHUYDO�SULQFLSOH�FDQ�EH�HPSOR\HG��+RZHYHU��WKH�WDEOHV�RI�.UDPHU�DQG�/HH�SUR�

YLGH�RQO\�WKH�XSSHU�SHUFHQWDJH�SRLQWV�RI�WKH�GLVWULEXWLRQ��&RQVHTXHQWO\��RQO\�WKH

ORZHU�FRQILGHQFH�OLPLW��RU�¦VWDWLVWLFDO�ORZHU�ERXQG§�FDQ�EH�GHWHUPLQHG��DQG�WKLV

PXVW�EH�DFFRPSOLVKHG�E\�WHGLRXV�OLQHDU�LQWHUSRODWLRQ�

6WHLJHU�DQG�)RXODGL��������SURYLGHG�D�FRPSXWHU�SURJUDP��5���IRU�FDOFXODWLQJ

H[DFW�FRQILGHQFH�LQWHUYDOV�RQ�5 � ��7KH�SURJUDP�LWHUDWHV�DQ�H[DFW�FRQILGHQFH�LQ�

7$%/(����

$�7ZR�:D\��� �× ��)L[HG�(IIHFWV�$129$

6RXUFH 66 GI 06 ) S�OHYHO 5066(

/RZHU

5066(

8SSHU

$ ����� � ����� ���� ����� ���� ����

% ����� � ���� ���� ����� ���� ����

$% ����� � ���� ���� ����� ���� �����

(UURU ������ �� ����
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WHUYDO�DQG�FRQILGHQFH�OLPLW��XVLQJ�WKH�QRQFHQWUDOLW\�LQWHUYDO�HVWLPDWLRQ�DSSURDFK�

6XFK�LQWHUYDOV�FDQ�EH�TXLWH�UHYHDOLQJ�

([DPSOH�����&RQILGHQFH�,QWHUYDOV�IRU�WKH�6TXDUHG�0XOWLSOH�&RUUHODWLRQ���6XSSRVH�D

FULWHULRQ� LV�SUHGLFWHG� IURP���� LQGHSHQGHQW�REVHUYDWLRQV�RQ���YDULDEOHV� DQG� WKH

REVHUYHG�VTXDUHG�PXOWLSOH�FRUUHODWLRQ�LV� ����� ,Q� WKLV�FDVH�D�����FRQILGHQFH� LQ�

WHUYDO�IRU�5 � �UDQJHV�IURP������WR�������$�����ORZHU�FRQILGHQFH�OLPLW�LV�DW������

2Q� WKH�RWKHU�KDQG� WKH�5��YDOXH� LV� VLJQLILFDQW�¦EH\RQG� WKH� ����� OHYHO�§�EHFDXVH

WKH�S� OHYHO� LV� �������DQG� WKH� VKUXQNHQ�HVWLPDWRU� LV� ������&OHDUO\�� LW� LV� IDU�PRUH

LPSUHVVLYH�WR�VWDWH�WKDW�¦WKH�5��YDOXH�LV�VLJQLILFDQW�DW�WKH������OHYHO§�WKDQ�LW�LV�WR

VWDWH�WKDW�¦ZH�DUH�����FRQILGHQW�WKDW�5 � �LV�EHWZHHQ������DQG������§�%XW�ZH�EH�

OLHYH�WKH�ODWWHU�VWDWHPHQW�FRQYH\V�WKH�TXDOLW\�DQG�PHDQLQJ�RI�WKH�VWDWLVWLFDO�UHVXOW

PRUH�DFFXUDWHO\�WKDQ�WKH�IRUPHU�

6RPH�ZULWHUV��OLNH�/HH���������SUHIHU�D�ORZHU�FRQILGHQFH�OLPLW��RU�¦VWDWLVWLFDO

ORZHU�ERXQG§�RQ�WKH�VTXDUHG�PXOWLSOH�FRUUHODWLRQ�WR�D�FRQILGHQFH� LQWHUYDO��7KH

UDWLRQDOH��DSSDUHQWO\��LV�WKDW�RQH�LV�SULPDULO\� LQWHUHVWHG�LQ�DVVXULQJ�WKDW� WKH�SHU�

FHQWDJH� RI� YDULDQFH� ¦DFFRXQWHG� IRU§� LQ� WKH� UHJUHVVLRQ� HTXDWLRQ� H[FHHGV� VRPH

YDOXH��$OWKRXJK�ZH�XQGHUVWDQG� WKH�PRWLYDWLRQ�EHKLQG� WKLV�YLHZ��ZH�KHVLWDWH� WR

DFFHSW�LW��7KH�FRQILGHQFH�LQWHUYDO��LQ�IDFW��FRQWDLQV�D�ORZHU�ERXQG��EXW�DOVR�LQ�

FOXGHV�DQ�XSSHU�ERXQG��DQG��LQ�WKH�LQWHUYDO�ZLGWK��D�PHDVXUH�RI�SUHFLVLRQ�RI�HV�

WLPDWLRQ��,W�VHHPV�WR�XV�WKDW�DGRSWLRQ�RI�D� ORZHU�FRQILGHQFH�OLPLW�FDQ�OHDG�WR�D

IDOVH�VHQVH�RI�VHFXULW\��DQG�UHGXFHV�WKDW�DPRXQW�RI� LQIRUPDWLRQ�DYDLODEOH� LQ� WKH

PRGHO�DVVHVVPHQW�SURFHVV�

:H�EHOLHYH�WKDW�FRQILGHQFH�LQWHUYDOV�DOZD\V�VKRXOG�EH�UHSRUWHG�ZLWK�D�PXOWL�

SOH�FRUUHODWLRQ��+RZHYHU��ZH�DGG�D�QRWH�RI�FDXWLRQ��6WULFWO\�VSHDNLQJ��VXFK�FRQ�

ILGHQFH� LQWHUYDOV� �DV� ZHOO� DV� WKH� VLJQLILFDQFH� WHVW�� ZLOO� QRW� EH� DFFXUDWH� XQOHVV

GLVWULEXWLRQDO�DVVXPSWLRQV�KDYH�EHHQ�PHW��DQG� WKH� LQGHSHQGHQW�YDULDEOHV� LQ� WKH

UHJUHVVLRQ�HTXDWLRQ�VSHFLILHG�D�SULRUL��,Q�PDQ\�FDVHV��WKH�ILQDO�UHJUHVVLRQ�HTXD�

WLRQ�KDV�EHHQ�GHWHUPLQHG�E\�VRPH�NLQG�RI�H[SORUDWRU\�VWHSZLVH�DSSURDFK��DQG�QR

DWWHPSW� KDV� EHHQ�PDGH� DW� FURVV�YDOLGDWLRQ�� ,W� LV� LPSRUWDQW� WR� UHHPSKDVL]H� WKDW

HVWLPDWHV�RI�5 ��DQG�FRQILGHQFH�LQWHUYDOV�DUH�ELDVHG�E\�WKLV�VSHFLILFDWLRQ�VHDUFK�

)RU� WKH�LQWHUYDO�HVWLPDWLRQ�DSSURDFK�GLVFXVVHG�KHUH� WR�EH�YDOLG��D�FURVV�YDOLGD�

WLRQ�VDPSOH�VKRXOG�EH�XVHG�

$V\PSWRWLF�&RQILGHQFH�,QWHUYDOV�IRU�*RRGQHVV�RI�)LW�LQ

WKH�$QDO\VLV�RI�&RYDULDQFH�6WUXFWXUHV

$�NH\�DUHD�ZKHUH�QRQFHQWUDOLW\�LQWHUYDO�HVWLPDWLRQ�KDV�EHHQ�DSSOLHG�ZLWK�H[FHO�

OHQW�UHVXOWV� LV� LQ� WKH�DQDO\VLV�RI�FRYDULDQFH�VWUXFWXUHV��VRPHWLPHV�UHIHUUHG� WR�DV

¦FDXVDO�PRGHOLQJ�§�,Q�WKLV�DUHD��WKH�VWDWLVWLFDO�LQIHUHQFH�LV�XVXDOO\�RI�WKH�DFFHSW�
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VXSSRUW��$6��YDULHW\��,Q�WKLV�NLQG�RI�VLWXDWLRQ��VWDQGDUG�VLJQLILFDQFH�WHVWLQJ�ORJLF

LV�EDGO\�VWUDLQHG�

8QWLO� DSSUR[LPDWHO\�������PRGHOV�ZHUH�HYDOXDWHG� LQ� WKH� DQDO\VLV� RI� FRYDUL�

DQFH�VWUXFWXUHV�E\�XVLQJ�WKH�FKL�VTXDUH�WHVW�RI�ILW��7KH�SUREOHP�ZLWK�WKH�SURFH�

GXUH�LV�WKDW�LW�WHVWV�D�K\SRWKHVLV�RI�SHUIHFW�ILW��6LQFH�WKLV�K\SRWKHVLV�LV�RIWHQ�IDOVH�

WKH�VWDWLVWLFDO�GHFLVLRQ�UHQGHUHG�E\�WKH�FKL�VTXDUH�VWDWLVWLF�RIWHQ�ERLOHG�GRZQ�WR�D

TXHVWLRQ� RI� VDPSOH� VL]H��:LWK� VPDOO� VDPSOHV�� SRRUO\� ILWWLQJ� PRGHOV� PLJKW� EH

¦DFFHSWHG�§�ZKLOH�ZLWK�ODUJH�VDPSOHV�D�PRGHO�ZLWK�H[FHOOHQW�ILW��LQ�WKH�SUDFWLFDO

VHQVH��PLJKW�EH�RYHUZKHOPLQJO\�UHMHFWHG��7KH�UHVXOWV�ZHUH�RIWHQ�HPEDUUDVVLQJ�

6RPHWLPHV�PRGHOV�ZKLFK�DSSHDUHG�WR�ILW�YHU\�ZHOO�ZHUH�UHMHFWHG�¦EH\RQG�WKH����

OHYHO�§�$ZNZDUG�PHQWDO�FRQWRUWLRQV�ZHUH�UHTXLUHG�WR�VLPXOWDQHRXVO\�SUDLVH� WKH

PD[LPXP� OLNHOLKRRG�FKL�VTXDUH� VWDWLVWLF� DV� D� WHFKQLFDO� EUHDNWKURXJK��ZKLOH� LJ�

QRULQJ�LWV�UHVXOW�

6WHLJHU�DQG�/LQG��������GHPRQVWUDWHG�WKDW�SHUIRUPDQFH�RI�VWDWLVWLFDO�WHVWV�LQ

FRPPRQ� IDFWRU� DQDO\VLV� FRXOG� EH� SUHGLFWHG� IURP� D� QRQFHQWUDO� FKL�VTXDUH� DS�

SUR[LPDWLRQ��7KH�QRQFHQWUDOLW\�SDUDPHWHU�ZDV�Q� WLPHV� WKH�¦SRSXODWLRQ�GLVFUHS�

DQF\�IXQFWLRQ�§�ZKLFK�LV�WKH��PD[LPXP�OLNHOLKRRG�RU�JHQHUDOL]HG�OHDVW�VTXDUHV�

GLVFUHSDQF\� IXQFWLRQ� FDOFXODWHG� RQ� WKH� SRSXODWLRQ� FRYDULDQFH� PDWUL[�� &RQVH�

TXHQWO\��WKH�SRSXODWLRQ�GLVFUHSDQF\�IXQFWLRQ�ZDV�DQ�H[FHOOHQW�FDQGLGDWH�IRU�D�GH�

VFULSWLYH�LQGH[�RI�KRZ�EDGO\�D�PRGHO�ILW�LQ�D�SDUWLFXODU�SRSXODWLRQ��6WHLJHU�DQG

/LQG� VXJJHVWHG� DEDQGRQLQJ� WKH� WUDGLWLRQ�RI� K\SRWKHVLV� WHVWLQJ� LQ� IDYRU� RI� FRQ�

VWUXFWLQJ�D�FRQILGHQFH�LQWHUYDO�RQ�WKH�SRSXODWLRQ�GLVFUHSDQF\�IXQFWLRQ��RU�VRPH

SDUWLFXODUO\�XVHIXO�IXQFWLRQ�RI�LW���7KLV�DSSURDFK�RIIHUV�WZR�ZRUWKZKLOH�SLHFHV�RI

LQIRUPDWLRQ�DW�WKH�VDPH�WLPH��,W�DOORZV�RQH��IRU�D�SDUWLFXODU�PRGHO�DQG�GDWD�VHW�

WR�H[SUHVV��D��KRZ�EDG�ILW�LV�LQ�WKH�SRSXODWLRQ��DQG��E��KRZ�SUHFLVHO\�WKH�SRSXOD�

WLRQ�EDGQHVV�RI�ILW�KDV�EHHQ�GHWHUPLQHG�IURP�WKH�VDPSOH�GDWD�

6WHLJHU������������E��LPSOHPHQWHG�WKUHH�QRQFHQWUDOLW\�EDVHG�LQGLFHV�RI�ILW�LQ

WKH�FRPSXWHU�SURJUDP�(]3$7+��LQFOXGLQJ�WKH�LQGH[�RULJLQDOO\�SURSRVHG�E\�6WHL�

JHU�DQG�/LQG���������$OO� WKHVH� LQGLFHV�FDQ�EH�FRPSXWHG�ZLWK�FRQILGHQFH� LQWHU�

YDOV��2QH�LQGH[�� WKH�506($��GLYLGHV� WKH�SRSXODWLRQ�ILW� IXQFWLRQ�)
�E\� WKH�GH�

JUHHV�RI�IUHHGRP��WKHQ�WDNHV�D�VTXDUH�URRW�WR�REWDLQ�D�¦5RRW�0HDQ�6TXDUH�(UURU

RI�$SSUR[LPDWLRQ�§� LQ� D�PDQQHU� URXJKO\� DQDORJRXV� WR� WKH�5066(�ZH� UHFRP�

PHQGHG�IRU� WKH� IL[HG�HIIHFWV� IDFWRULDO�$129$�HDUOLHU� LQ� WKLV�DUWLFOH��0RVW�FXU�

UHQW� VWUXFWXUDO� PRGHOLQJ� SURJUDPV� �H�J��� /,65(/�� (46�� 6(3$7+�� &$/,6�

5$021$��FDOFXODWH�WKH�506($��ZKLFK�%URZQH�DQG�&XGHFN��������DOVR�UHF�

RPPHQG�

7KH�RWKHU�WZR�QRQFHQWUDOLW\�EDVHG�LQGLFHV�GHYHORSHG�E\�6WHLJHU�ZHUH�SRSXOD�

WLRQ�DQDORJV�RI�WKH�*),�DQG�$*),�RI�-|UHVNRJ�DQG�6|UERP���������-|UHVNRJ�DQG

6|UERP� UHFRPPHQGHG� WKH� ILQLWH� VDPSOH� HTXLYDOHQWV� RI� WKHVH� DV� VDPSOH�EDVHG

LQGLFHV��EXW�RIIHUHG�QR�SRSXODWLRQ� UDWLRQDOH� IRU� WKHP��6WHLJHU� �������DQG�0DLWL

DQG�0XNKHUMHH��������GHPRQVWUDWHG�WKDW�WKH�VDPSOH�EDVHG�*),�DQG�$*),�FRXOG
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EH�YLHZHG�DV�ELDVHG�HVWLPDWRUV�RI�6WHLJHU©V��������HTXLYDOHQW�SRSXODWLRQ�TXDQWL�

WLHV�� DQG� WKDW� ERWK� RI� WKHVH� LQGLFHV�� XQGHU� IDLUO\� JHQHUDO� FRQGLWLRQV�� FRXOG� EH

ZULWWHQ�DV�D�VLPSOH�PRQRWRQLF�IXQFWLRQ�RI�WKH�SRSXODWLRQ�QRQFHQWUDOLW\�SDUDPH�

WHU��)RU�H[DPSOH��IRU�VWUXFWXUDO�PRGHOV��EDVHG�RQ�S�REVHUYHG�YDULDEOHV�� WKDW�DUH

LQYDULDQW�XQGHU�D�FRQVWDQW�VFDOLQJ�IDFWRU��6WHLJHU©V�Γ���WKH�SRSXODWLRQ�HTXLYDOHQW

RI�WKH�*),��L�H���WKH�*),�FDOFXODWHG�RQ�WKH�SRSXODWLRQ�FRYDULDQFH�PDWUL[��FDQ�EH

ZULWWHQ

Γ�
�

=
+
S

) S

� ������

7KLV�VLPSOH�PRQRWRQLF� UHODWLRQVKLS� LPSOLHV� WKDW��YLD� WKH�FRQILGHQFH� LQWHUYDO

WUDQVIRUPDWLRQ�SULQFLSOH��D�FRQILGHQFH�LQWHUYDO�RQ�WKH�QRQFHQWUDOLW\�SDUDPHWHU�RI

D� QRQFHQWUDO� FKL�VTXDUH� GLVWULEXWLRQ� FDQ� EH� FRQYHUWHG� HDVLO\� LQWR� D� FRQILGHQFH

LQWHUYDO�RQ�Γ��

,Q�WKH�GRFXPHQWDWLRQ�IRU�WKH�VWUXFWXUDO�HTXDWLRQ�PRGHOLQJ�SURJUDP�6(3$7+�

6WHLJHU��������H[WHQGHG�WKH�QRQFHQWUDOLW\�EDVHG�LQGLFHV�WR�PXOWLSOH�VDPSOHV��DQG

JDYH� D� VLPSOLILHG� IRUPXOD� IRU� HVWLPDWLQJ� WKH� ELDV� LQ� WKH� -|UHVNRJ� DQG�6|UERP

�������LQGLFHV�

7KHUH�DUH�VHYHUDO�DGYDQWDJHV�WR�WKH�QRQFHQWUDOLW\�EDVHG�DSSURDFK��)LUVW��ZKHQ

WKH�506($�DQG�DGMXVWHG�JDPPD�DUH�HPSOR\HG��WKH�LQGH[�LV�DXWRPDWLFDOO\�FRU�

UHFWHG�IRU�PRGHO�SDUVLPRQ\��)RU�H[DPSOH��DV�PRGHOV�EHFRPH�PRUH�FRPSOH[��ILW

WHQGV�WR� LPSURYH��DOO�RWKHU� WKLQJV�EHLQJ�HTXDO��ZKHUHDV�GHJUHHV�RI� IUHHGRP�GH�

FUHDVH�� 7KH� 506($�� FDOFXODWHG� LQ� WKH� SRSXODWLRQ� �IRU� VLQJOH�VDPSOH� PRGHOV�

ZLWK�WKH�HTXDWLRQ

5
)

GI






= � ������

FRPSHQVDWHV�IRU�WKLV�E\�GLYLGLQJ�E\�WKH�GHJUHHV�RI�IUHHGRP��6HFRQG��KLJK�VDP�

SOH�VL]H�QRZ�ZRUNV�¦IRU� WKH�H[SHULPHQWHU§� LQVWHDG�RI�DJDLQVW� WKH�H[SHULPHQWHU�

EHFDXVH�ODUJHU�VDPSOH�VL]HV�UHVXOW�LQ�VPDOOHU�FRQILGHQFH�LQWHUYDO�ZLGWKV��UHIOHFW�

LQJ�JUHDWHU�SUHFLVLRQ�RI�HVWLPDWLRQ��7KLUG��WKH�GLVWLQFWLRQ�EHWZHHQ�D�¦VWDWLVWLFDOO\

VLJQLILFDQW§�EDGQHVV�RI�ILW�DQG�D�¦PHDQLQJIXO§�EDGQHVV�RI�ILW�FDQ�QRZ�EH�PDGH�

7KH�IROORZLQJ�H[DPSOH�FODULILHV�WKHVH�DGYDQWDJHV�

([DPSOH�����(YDOXDWLQJ�WKH�ILW�RI�D�FLUFXPSOH[�PRGHO���$�SHUIHFW��HTXDOO\�VSDFHG

FLUFXPSOH[�FRUUHODWLRQ�PDWUL[��*XWWPDQ��������KDV�HTXDO�FRUUHODWLRQV�RQ�VXE�GL�

DJRQDO� VWULSV�� )RU� H[DPSOH�� D� � �× � FRUUHODWLRQ� PDWUL[� ZRXOG� EH� RI� WKH� IRUP
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VKRZQ�LQ�7DEOH������*XWWPDQ��������REVHUYHG�D�FRUUHODWLRQ�PDWUL[�WKDW�KDV�EHHQ

UHSULQWHG�LQ�D�QXPEHU�RI�SODFHV��LQFOXGLQJ�-|UHVNRJ��������

6XSSRVH�ZH�ZHUH�WR�WHVW�WKH�QXOO�K\SRWKHVLV�WKDW�WKH�*XWWPDQ��������FRUUHOD�

WLRQ� PDWUL[� LV� D� SHUIHFW�� HTXDOO\� VSDFHG� FLUFXPSOH[�� XVLQJ� VWUXFWXUDO� HTXDWLRQ

PRGHOLQJ� VRIWZDUH�� 7KH� VDPSOH� VL]H� �Q�  � ����� LV� YHU\� ODUJH� LQ� WKLV� H[DPSOH�

+HQFH��ZH�ZRXOG�H[SHFW�WKH�SUHFLVLRQ�RI�HVWLPDWLRQ�WR�EH�YHU\�KLJK��$W�WKH�VDPH

WLPH��ZH�ZRXOG�KDYH�WR�NHHS�LQ�PLQG�WKDW�WKH�¦DFFHSW�VXSSRUW§�DSSURDFK�RI�WKH

FKL�VTXDUH�WHVW�FRPPRQO\�XVHG�LQ�VWUXFWXUDO�PRGHOLQJ�ZRXOG�EH�RI�YHU\�OLPLWHG

XVHIXOQHVV�LQ�WKLV�VLWXDWLRQ��:H�UHFRJQL]H�WKDW�D�PRGHO�ZLWK�DV�PDQ\�FRQVWUDLQWV

DV�WKLV�RQH�ZLOO�DOPRVW�FHUWDLQO\�QRW�ILW�SHUIHFWO\�LQ�WKH�SRSXODWLRQ��DQG�ZH�KDYH

YHU\�KLJK�SRZHU�WR�GHWHFW�DQ�LPSHUIHFW�ILW�

7KH�FKL�VTXDUH�VWDWLVWLF�\LHOGV��LQ�WKLV�FDVH��D�YDOXH�RI�������ZLWK����GHJUHHV

RI�IUHHGRP��7KH�SUREDELOLW\� OHYHO� LV� ������ LQGLFDWLQJ� WKDW� WKH�QXOO�K\SRWKHVLV�RI

SHUIHFW�ILW�PXVW�EH�UHMHFWHG��+RZHYHU��D�UHDVRQDEOH�FRQFOXVLRQ�IURP�FRQILGHQFH

LQWHUYDO�DQDO\VLV�LV�WKDW��DOWKRXJK�LW�LV�KLJKO\�SUREDEOH� WKDW� WKH�GDWD�GR�QRW�ILW�D

FLUFXPSOH[�SHUIHFWO\��WKH\�GR�ILW�D�FLUFXPSOH[�ZHOO��7KH�����FRQILGHQFH�LQWHUYDO

IRU�WKH�6WHLJHU�/LQG��������506($�LQGH[�LV�EHWZHHQ������DQG������

7KH� FRUUHVSRQGLQJ� FRQILGHQFH� LQWHUYDO� IRU� WKH� DGMXVWHG� SRSXODWLRQ� JDPPD

FRHIILFLHQW�� WKH�SRSXODWLRQ�HTXLYDOHQW�RI� WKH� -|UHVNRJ�6|UERP� �������$*),�� LV

EHWZHHQ������DQG������

%RWK� FRQILGHQFH� LQWHUYDOV� VKRZ� H[FHOOHQW� ILW� RI� WKH� PRGHO� ZDV� GHWHUPLQHG

ZLWK�KLJK�SUHFLVLRQ��$�UHDVRQDEOH�FRQFOXVLRQ�ZRXOG�VHHP�WR�EH�WKDW�*XWWPDQ©V

GDWD�ILW�WKH�PRGHO�LQ�7DEOH�����YHU\�ZHOO�

6WDWLVWLFDO�%RXQGV�RQ�3RZHU�

2FFDVLRQDOO\��LQ�WKH�DIWHUPDWK�RI�D�IDLOXUH�WR�UHMHFW�D�VWDWLVWLFDO�VLJQLILFDQFH�WHVW�

UHYLHZHUV�RU�DXWKRUV�VSHFXODWH�DERXW�WKH�UROH�RI�LQDGHTXDWH�SRZHU�LQ�FDXVLQJ�WKH

IDLOXUH� WR� UHMHFW�� ,URQLFDOO\�� VWDWLVWLFDO� LQIHUHQFH�DERXW�SRZHU� LWVHOI� LV� IUHTXHQWO\

7$%/(����

&RUUHODWLRQ�3DWWHUQ�IRU�D�� �× �&LUFXPSOH[
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DEVHQW�IURP�VXFK�GLVFXVVLRQV��2IWHQ�LW�QHHG�QRW�EH��,Q�PDQ\�VLWXDWLRQV�SRZHU�LV�

DOO� RWKHU� IDFWRUV� KHOG� FRQVWDQW�� D� PRQRWRQLF�� VWULFWO\� LQFUHDVLQJ� IXQFWLRQ� RI� D

QRQFHQWUDOLW\�SDUDPHWHU��&RQVHTXHQWO\��ZH�FDQ�XVH�WKH�FRQILGHQFH�LQWHUYDO�WUDQV�

IRUPDWLRQ�SULQFLSOH�WR�FRQVWUXFW�SRVW�KRF�VWDWLVWLFDO�XSSHU�ERXQGV�RQ�SRZHU��DIWHU

D�VLJQLILFDQFH�WHVW�KDV�EHHQ�SHUIRUPHG�

7D\ORU� DQG�0XOOHU� ������� KDYH� GLVFXVVHG� VXFK� DQ� DSSURDFK� LQ� WKH� JHQHUDO

FRQWH[W� RI� WKH�PXOWLYDULDWH� OLQHDU�PRGHO�� 7KH� SURFHGXUH� LV�� LQ� SULQFLSOH�� TXLWH

VWUDLJKWIRUZDUG�� )RU� H[DPSOH�� FRQVLGHU� WKH� )� WHVW� LQ� WKH� ��ZD\� IL[HG�HIIHFWV

$129$��6XSSRVH�ZH�REWDLQ�D�����FRQILGHQFH�LQWHUYDO�RQ�WKH�QRQFHQWUDOLW\�SD�

UDPHWHU�� 6LQFH� SRZHU� DQG� WKH� QRQFHQWUDOLW\� SDUDPHWHU� DUH�PRQRWRQLFDOO\� IXQF�

WLRQDOO\�UHODWHG�IRU�D�JLYHQ�VDPSOH�VL]H�DQG�D ��ZH�PD\�XVH�WKH�FRQILGHQFH�LQWHU�

YDO� WUDQVIRUPDWLRQ� SULQFLSOH� WR� REWDLQ� D� FRQILGHQFH� LQWHUYDO�� DIWHU� VHHLQJ� WKH

GDWD��IRU�SRZHU�

7R�DYRLG�PLVXQGHUVWDQGLQJ��ZH�HPSKDVL]H� WKDW� �D��ZH�GR�QRW� IDYRU� WKH� VLJ�

QLILFDQFH�WHVWLQJ�DSSURDFK�IRU�H[SORUDWRU\�VRFLDO�VFLHQFH�UHVHDUFK��DQG�WKDW��E��LQ

VLWXDWLRQV�ZKHUH� VLJQLILFDQFH� WHVWV� DUH� WR� EH� SHUIRUPHG�� LW� LV� EHWWHU� WR� DQDO\]H

SRZHU� EHIRUH� JDWKHULQJ� RQH©V� GDWD�� +RZHYHU�� VLWXDWLRQV� DULVH� ZKHUH� GDWD� KDYH

EHHQ�JDWKHUHG��D�VLJQLILFDQFH�WHVW�KDV�EHHQ�SHUIRUPHG��DQG�WKHQ�VRPHRQH�UDLVHV�D

TXHVWLRQ�DERXW�SRZHU�

,Q�VXFK�VLWXDWLRQV��D�FRQILGHQFH�LQWHUYDO�RQ�SRZHU�SURYLGHV��LQ�LWV�XSSHU�DQG

ORZHU�OLPLWV��D�¦EHVW�FDVH§�DQG�¦ZRUVW�FDVH§�VFHQDULR��UHVSHFWLYHO\��IRU�SRZHU�LQ

WKH� WHVW� MXVW�SHUIRUPHG��7KH�XSSHU�ERXQG�RI� WKH�FRQILGHQFH� LQWHUYDO� IRU�SRZHU�

FDQ� EH� FRQVLGHUHG� D� ���� VWDWLVWLFDO� XSSHU� ERXQG� RQ� SRZHU��7KLV� LV� D� QXPEHU

EHORZ�ZKLFK�WKH�WUXH�SRZHU�RFFXUV�����RI�WKH�WLPH�RYHU�UHSHDWHG�VDPSOHV��,I�WKH

����VWDWLVWLFDO�XSSHU�ERXQG�RQ�SRZHU�LV�EHORZ�D�UHDVRQDEOH�WDUJHW�YDOXH��VD\�����

LW�PHDQV�WKDW�WKH�PRVW�RSWLPLVWLF�UHDGLQJ�RI�WKH�DYDLODEOH�HYLGHQFH�VXJJHVWV�WKDW

SRZHU�ZDV� LQDGHTXDWH� WR�GHWHFW� WKH� HIIHFWV� SUHVHQW� LQ�\RXU�GDWD�ZLWK� D� VLJQLIL�

FDQFH�WHVW��7KH�ORZHU�HQG�RI�D�����FRQILGHQFH�LQWHUYDO�LV�D�����VWDWLVWLFDO�ORZHU

ERXQG�RQ�SRZHU��,I�WKLV�HQG�RI�WKH�FRQILGHQFH�LQWHUYDO�H[FHHGV�VRPH�UHDVRQDEOH

YDOXH��LW�FDQ�FRQILUP�WKDW�SRZHU�ZDV�DOPRVW�FHUWDLQO\�DGHTXDWH�LQ�WKH�H[SHULPHQW

MXVW�SHUIRUPHG��3RVW�KRF�VWDWLVWLFDO�ERXQGV�RQ�SRZHU�FRPELQH�LQIRUPDWLRQ�DERXW

WKH�SUHFLVLRQ�RI�HVWLPDWH�LQ�D�VWXG\�ZLWK�LQIRUPDWLRQ�DERXW�WKH�DFWXDO�HIIHFWV�LQ

WKH�VWXG\��$V�VXFK��LW�UHOLHV�PRUH�RQ�DYDLODEOH�LQIRUPDWLRQ�DQG�OHVV�RQ�VSHFXOD�

WLRQ�WKDQ�SRVWHULRU�SRZHU�DQDO\VHV�EDVHG�RQ�K\SRWKHWLFDO�HIIHFW�VL]HV�

([DPSOH������$�&RQILGHQFH�%RXQG�RQ�3RZHU�LQ�D�2QH�:D\�$129$���6XSSRVH�D���

ZD\�$129$�LV�SHUIRUPHG�RQ�WZR�LQGHSHQGHQW�JURXSV��ZLWK�VDPSOH�VL]HV�RI���

LQ�HDFK�JURXS��DQG�DQ�)�YDOXH�RI����� LV�REWDLQHG�� ,Q� WKLV�FDVH�� WKH� WZR�WDLOHG�S

OHYHO�LV��������DQG�WKH�QXOO�K\SRWKHVLV�LV��RI�FRXUVH��QRW�UHMHFWHG��7KH�����FRQIL�

GHQFH�LQWHUYDO�RQ�WKH�QRQFHQWUDOLW\�SDUDPHWHU�UDQJHV�IURP���WR��������:KHQ�WKH

QRQFHQWUDOLW\�SDUDPHWHU� LV� ]HUR�� ¦SRZHU�§� VWULFWO\� VSHDNLQJ��GRHV�QRW�H[LVW� �L�H��
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WKH�QXOO�K\SRWKHVLV�LV�WUXH���EXW�WKH�UHMHFWLRQ�SUREDELOLW\�LV�DOSKD��L�H���������6R��LQ

D�VHQVH��WKH�ORZHU�ERXQG�RI�WKH�FRQILGHQFH�LQWHUYDO�IRU�SRZHU�LV������7KH�XSSHU

ERXQG�RI�WKH�FRQILGHQFH�LQWHUYDO�RQ�SRZHU�LV�WKH�SRZHU�FRUUHVSRQGLQJ�WR�D�QRQ�

FHQWUDOLW\�SDUDPHWHU�RI��������7KLV�YDOXH��ZKLFK�PD\�EH�FDOFXODWHG�DV�������LV�D

���� XSSHU� FRQILGHQFH� OLPLW� RQ� SRZHU�� 7KH� ���� FRQILGHQFH� LQWHUYDO� RQ� WKH

5066(�UDQJHV�IURP��� WR� ������7KLV�VXJJHVWV� WKDW� �D��HIIHFW�VL]H�FDQQRW�EH�GH�

WHUPLQHG�ZLWK�KLJK�SUHFLVLRQ�LQ�WKLV�GHVLJQ��DQG��E��HYHQ�LI�WKH�HIIHFW�VL]H�LV�DV�

VXPHG� WR� EH� WKH� PD[LPXP� VWDWLVWLFDOO\� UHDVRQDEOH� YDOXH�� SRZHU� LV� ������ 7KLV

VXJJHVWV�WKH�VDPSOH�VL]H�LQ�WKLV�VWXG\�LV�WRR�ORZ�WR�DIIRUG�WKH�SUHFLVLRQ�RI�HVWL�

PDWLRQ�GHHPHG�GHVLUDEOH�LQ�PDQ\�DUHDV�RI�VRFLDO�VFLHQFH�

&21&/86,216�$1'�127(6�21�$33/,&$7,216

,Q�WKLV�FKDSWHU��ZH�KDYH�GLVFXVVHG�FRQILGHQFH�LQWHUYDO�PHWKRGV�WKDW�RIIHU�D�VXSH�

ULRU� DOWHUQDWLYH� WR� VLJQLILFDQFH� WHVWLQJ� LQ� VLWXDWLRQV� ZKHUH� FRQILGHQFH� LQWHUYDOV

DUH�VHOGRP�DSSOLHG��RU�DSSOLHG�LQ�D�VXERSWLPDO�PDQQHU��7KHVH�FRQILGHQFH�LQWHU�

YDOV� SURYLGH� DOO� WKH� LQIRUPDWLRQ� LQKHUHQW� LQ� D� VLJQLILFDQFH� WHVW�� 7KH\� DUH� QR

ORQJHU� FRPSXWDWLRQDOO\� LPSUDFWLFDO�� DQG� VKRXOG� DXJPHQW� RU� UHSODFH� WKH� FRUUH�

VSRQGLQJ�VLJQLILFDQFH�WHVW�SURFHGXUHV��:H�KDYH��LQ�WKH�ERG\�RI�WKH�FKDSWHU��JLYHQ

H[DPSOHV�RI�KRZ�WKH�SURFHGXUHV�PD\�EH�XVHG�LQ�PDQ\�FRPPRQ�VWDWLVWLFDO�WHVWLQJ

VLWXDWLRQV�

0DQ\�XVHUV�ZLOO�ILQG�WKDW�WKHVH�WHFKQLTXHV�VHUYH�DV�D�VXSHULRU�UHSODFHPHQW�IRU

VLJQLILFDQFH� WHVWLQJ� LQ� FRPPRQ� VLWXDWLRQV�� 2WKHUV� ZLOO� FRQVLGHU� WKLV� YLHZ� WRR

UDGLFDO��DQG�ZLOO�XVH�WKHP�WR�DXJPHQW�WKH�PRUH�WUDGLWLRQDO�DSSURDFKHV�

6HYHUDO� WLPHV�LQ� WKLV�DUWLFOH��ZH�HPSKDVL]HG�WKH�YDOXH�RI�XVLQJ� WKH�ZLGWK�RI

WKH� FRQILGHQFH� LQWHUYDO� DV� LQ� LQGH[� RI� SUHFLVLRQ� RI� HVWLPDWH� RI� D� SDUDPHWHU�� ,W

VKRXOG�EH�UHPHPEHUHG�WKDW�WKH�ZLGWK�RI�D�FRQILGHQFH�LQWHUYDO�LV�JHQHUDOO\�D�UDQ�

GRP�YDULDEOH��VXEMHFW�WR�VDPSOLQJ�IOXFWXDWLRQV�RI�LWV�RZQ��DQG�PD\�EH�WRR�XQUHOL�

DEOH�DW�VPDOO�VDPSOH�VL]HV�WR�EH�XVHIXO�IRU�VRPH�SXUSRVHV�

,Q�WKLV�UHJDUG�� WKHUH�DUH� WZR�DGGLWLRQDO� LVVXHV�WKDW�DULVH� LQ� LPSOHPHQWLQJ� WKH

LQYHUVLRQ�DSSURDFK�WR�LQWHUYDO�HVWLPDWLRQ��7KH�ILUVW�LVVXH�DULVHV�LQ�VRPH�FRPPRQ

VLWXDWLRQV�ZKHQ� WKH�SDUDPHWHU�VSDFH��L�H��� WKH�VHW�RI�DOO�SRVVLEOH�SDUDPHWHU�YDO�

XHV��LV�ERXQGHG��)RU�H[DPSOH��VXSSRVH�RQH�LV�FRQVWUXFWLQJ�D�FRQILGHQFH�LQWHUYDO

IRU�WKH�VTXDUHG�PXOWLSOH�FRUUHODWLRQ��RU�IRU�WKH�506($�LQGH[�RI�ILW�LQ�VWUXFWXUDO

PRGHOLQJ��1HLWKHU�RI�WKHVH�SDUDPHWHUV�WDNHV�RQ�QHJDWLYH�YDOXHV��VR�WKH�SDUDPHWHU

VSDFH�LV�ERXQGHG�RQ�WKH�OHIW�DW�]HUR��7KH�LQYHUVLRQ�DSSURDFK�WR�LQWHUYDO�HVWLPD�

WLRQ�UHTXLUHV�RQH�WR�ILQG�D�YDOXHV�RI�D�SDUDPHWHU�θ �WKDW�LPSO\�VDPSOLQJ�GLVWULEX�

WLRQV�LQ�ZKLFK�WKH�REVHUYHG�VWDWLVWLF�LV�DW�WKH�α � ��DQG�� �− α � �TXDQWLOHV��7KHVH

YDOXHV�DUH�WKH�HQGSRLQWV�RI�WKH�FRQILGHQFH�LQWHUYDO��,Q�VRPH�FDVHV��KRZHYHU��WKH

YDOXH� RI� WKH� REVHUYHG� VWDWLVWLF� LV� VR� ORZ� WKDW� LW� LV� QRW� SRVVLEOH� WR� ILQG� D� QRQ�
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QHJDWLYH�YDOXH�RI�θ �WKDW�SODFHV�LW�DW�WKH�UHTXLUHG�SHUFHQWDJH�SRLQW��6WDQGDUG�SUR�

FHGXUH� LQ� WKLV� FDVH� LV� WR� DUELWUDULO\� VHW� WKH� FRQILGHQFH� OLPLW� DW� ]HUR�� VLQFH� WKH

SDUDPHWHU�FDQQRW�EH�OHVV� WKDQ�]HUR��7KLV�PDLQWDLQV� WKH�FRUUHFW�FRYHUDJH�SURED�

ELOLW\�IRU�WKH�FRQILGHQFH�LQWHUYDO��EXW�WKH�ZLGWK�RI�WKH�FRQILGHQFH�LQWHUYDO�PD\�EH

VXVSHFW�DV�DQ�LQGH[�RI�SUHFLVLRQ�RI�PHDVXUHPHQW�ZKHQ�HLWKHU�RU�ERWK�HQGV�RI�WKH

FRQILGHQFH�LQWHUYDO�DUH�DW�]HUR��,Q�VXFK�FDVHV��RQH�PLJKW�FRQVLGHU�REWDLQLQJ�DO�

WHUQDWLYH� LQGLFDWLRQV� RI� � SUHFLVLRQ� RI�PHDVXUHPHQW�� VXFK� DV� DQ� HVWLPDWH� RI� WKH

VWDQGDUG�HUURU�RI�WKH�VWDWLVWLF��2IWHQ�VXFK�HVWLPDWHV�DUH�UHDGLO\�DYDLODEOH��$�PRUH

SURDFWLYH�VROXWLRQ�LV� WR�DVVXUH�� LQ�DGYDQFH�� WKDW�VDPSOH�VL]H�LV�DGHTXDWH� WR�SUR�

YLGH�UHDVRQDEOH�SUHFLVLRQ�RI�HVWLPDWLRQ�DFURVV�D�W\SLFDO�UDQJH�RI�SDUDPHWHU�YDO�

XHV��)RU�H[DPSOH��0DF&DOOXP��%URZQH��DQG�6XJDZDUD��������SURYLGH�JXLGHOLQHV

IRU�DSSURSULDWH�VDPSOH�VL]H�ZKHQ�XVLQJ�WKH�506($�DV�DQ�LQGH[�RI�ILW�LQ�VWUXF�

WXUDO� HTXDWLRQ� PRGHOLQJ�� 6WHLJHU� DQG� )RXODGL� ������� SURYLGH� D� FRPSXWHU� SUR�

JUDP��5��� IRU�FDOFXODWLQJ�DSSURSULDWH�VDPSOH�VL]H� LQ�PXOWLSOH� UHJUHVVLRQ��7KHVH

JXLGHOLQHV� �GHYHORSHG� LQ� WKH� FRQWH[W� RI� SRZHU� FDOFXODWLRQ�ZLWKLQ� D� K\SRWKHVLV

WHVWLQJ� DSSURDFK�� VKRXOG� EH� JLYHQ� FDUHIXO� DWWHQWLRQ� GXULQJ� WKH� GHVLJQ� RI� VWUXF�

WXUDO�PRGHOLQJ�DQG�PXOWLSOH�UHJUHVVLRQ�VWXGLHV��,I�WKH\�DUH�IROORZHG��FRQILGHQFH

LQWHUYDOV�VKRXOG�VHOGRP�LQWUXGH�RQ�WKH�ERXQGDULHV�RI�WKH�SDUDPHWHU�VSDFH�

7KHUH�LV�D�VHFRQG�LVVXH�WKDW�LV�SUREDEO\�RI�OHVV�FRQFHUQ�LQ�SUDFWLFH��:KHQ�WKH

WUXH�SDUDPHWHU�LV�RQ�WKH�ERXQGDU\�RI�WKH�SDUDPHWHU�VSDFH��WKH�FRYHUDJH�SUREDELO�

LW\�IRU�WKH�FRQILGHQFH�LQWHUYDO�PD\�EH�KLJKHU�WKDQ�WKH�QRPLQDO�YDOXH��)RU�H[DP�

SOH�� VXSSRVH� WKH� SRSXODWLRQ� VTXDUHG� PXOWLSOH� FRUUHODWLRQ� LV� ]HUR�� ,Q� VXFK� D

VLWXDWLRQ��LW�LV�QRW�SRVVLEOH�WR�REWDLQ�D�FRQILGHQFH�LQWHUYDO�WKDW�¦PLVVHV§�WKH�WUXH

SDUDPHWHU�RQ� WKH� ORZ� VLGH�� DQG� VR� WKH� FRQILGHQFH� LQWHUYDO� LV�FRQVHUYDWLYH�� L�H��

WKH�DFWXDO�FRYHUDJH�SUREDELOLW\�LV�� �− α � ��UDWKHU�WKDQ��− α�
7KH� ILQH� GHWDLOV� RI� SURJUDPPLQJ� FRPSXWDWLRQV� ZHUH� QRW� GLVFXVVHG� LQ� WKLV

SDSHU�� EXW� WKHLU� LPSRUWDQFH� VKRXOG� QRW� EH� XQGHUHVWLPDWHG�� ,PSOHPHQWLQJ� WKH

WHFKQLTXHV�LV�PXFK�PRUH�GLIILFXOW�WKDQ�XQGHUVWDQGLQJ�WKHP��0XFK�RI�WKH�GHYHO�

RSPHQW�EHKLQG� WKHVH�PHWKRGV� LV�KLJKO\� WHFKQLFDO�� ,Q�JHQHUDO�� QRQFHQWUDO� GLVWUL�

EXWLRQ� URXWLQHV� SUHVHQW�PDQ\�PRUH� SURJUDPPLQJ� FKDOOHQJHV� WKDQ� WKHLU� FHQWUDO

YDULDQWV�� DQG� LWHUDWLYH� URXWLQHV� XVHG� LQ� WKH� LQYHUVLRQ� DSSURDFK� PXVW� EH� SUR�

JUDPPHG�YHU\�FDXWLRXVO\�WR�DVVXUH�UHOLDEOH�SHUIRUPDQFH�

6RPH� RI� WKH� PHWKRGV� GLVFXVVHG� LQ� WKLV� FKDSWHU� DOUHDG\� KDYH� EHHQ� � LPSOH�

PHQWHG� LQ� VRIWZDUH� ZKRVH� DYDLODELOLW\� LV� GHVFULEHG� RQ� WKH� ZHEVLWH

KWWS���ZZZ�LQWHUFKJ�XEF�FD�VWHLJHU�KRPHSDJH�KWP�� 7KH� SURJUDP� 5��� DYDLODEOH

IRU�FRPSXWHUV� UXQQLQJ�HLWKHU� WKH�06'26�RU�:LQGRZV�RSHUDWLQJ� V\VWHP��FRP�

SXWHV� FRQILGHQFH� LQWHUYDOV�� SRZHU�� VDPSOH� VL]H� UHTXLUHG� WR� DFKLHYH� D� JLYHQ

SRZHU��DQG�RWKHU�VWDWLVWLFV�RQ�WKH�VTXDUHG�PXOWLSOH�FRUUHODWLRQ��7KLV�SURJUDP�LV

DYDLODEOH� QRZ�� 2WKHU� VRIWZDUH� ZLOO� EH� DQQRXQFHG� DV� LW� EHFRPHV� DYDLODEOH�� ,Q�

WHUHVWHG� UHDGHUV� PD\� FRQWDFW� WKH� VHQLRU� DXWKRU� YLD� HPDLO�� DW

VWHLJHU#XQL[J�XEF�FD�
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:H�DUH�YHU\�JUDWHIXO�WR�0LFKDHO�:��%URZQH��-RKQ�&��/RHKOLQ��6WHSKHQ�*��:HVW�

DQG� WR� WKH� HGLWRUV� RI� WKLV� YROXPH�� IRU� WKHLU� KHOSIXO� FRPPHQWV�� LPSRUWDQW

WKHRUHWLFDO�LQVLJKWV��DQG�HQFRXUDJHPHQW�SURYLGHG�GXULQJ�GUDIWLQJ�DQG�UHYLVLRQ�RI

WKLV�SDSHU�

5()(5(1&(6

$QGHUVRQ�� 7��:�� �������� ,QWURGXFWLRQ� WR� PXOWLYDULDWH� VWDWLVWLFDO� DQDO\VLV� ��QG

HG����1HZ�<RUN��:LOH\�

%URZQH��0��:���	�&XGHFN��5����������$OWHUQDWLYH�ZD\V�RI�DVVHVVLQJ�PRGHO�ILW�

,Q�.��$��%ROOHQ�	�-��6��/RQJ��(GV����7HVWLQJ�VWUXFWXUDO�HTXDWLRQ�PRGHOV��%HY�

HUO\�+LOOV��&$��6DJH�

&RKHQ��-����������7KH�HDUWK�LV�URXQG��S���������$PHULFDQ�3V\FKRORJLVW���������¤

�����

&R[��'��5���	�+LQFNOH\��'��9�� ��������7KHRUHWLFDO�VWDWLVWLFV��1HZ�<RUN��&KDS�

PDQ�	�+DOO�

)OHLVKPDQ��$��(����������&RQILGHQFH�LQWHUYDOV�IRU�FRUUHODWLRQ�UDWLRV��(GXFDWLRQDO

DQG�3V\FKRORJLFDO�0HDVXUHPHQW���������¤����

*XWWPDQ��/��%�� ��������$�QHZ�DSSURDFK� WR� IDFWRU� DQDO\VLV��7KH� UDGH[�� ,Q�3��)�

/D]DUVIHOG� �(G����0DWKHPDWLFDO� WKLQNLQJ� LQ� WKH� VRFLDO� VFLHQFHV��1HZ� <RUN�

&ROXPELD�8QLYHUVLW\�3UHVV�

*XWWPDQ��/��%����������:KDW� LV�QRW�ZKDW� LQ�VWDWLVWLFV��7KH�6WDWLVWLFLDQ��������¤

����

+HGJHV��/��9���	�2ONLQ�� ,�� ��������6WDWLVWLFDO�PHWKRGV� IRU�PHWD�DQDO\VLV��1HZ

<RUN��$FDGHPLF�3UHVV�

-|UHVNRJ��.��*����������6WUXFWXUDO�DQDO\VLV�RI�FRYDULDQFH�DQG�FRUUHODWLRQ�PDWUL�

FHV��3V\FKRPHWULND���������¤����

-|UHVNRJ��.��*���	�6|UERP��'�� ��������/LVUHO�9,��$QDO\VLV�RI� OLQHDU� VWUXFWXUDO

UHODWLRQVKLSV� E\� PD[LPXP� OLNHOLKRRG�� LQVWUXPHQWDO� YDULDEOHV�� DQG� OHDVW

VTXDUHV�PHWKRGV��0RRUHVYLOOH��,1��6FLHQWLILF�6RIWZDUH�

.HQGDOO��0���	� 6WXDUW�� $�� ��������7KH� DGYDQFHG� WKHRU\� RI� VWDWLVWLFV�� �9RO�� ���

1HZ�<RUN��0DF0LOODQ�

.UDPHU��.��+����������7DEOHV�IRU�FRQVWUXFWLQJ�FRQILGHQFH�OLPLWV�RQ�WKH�PXOWLSOH

FRUUHODWLRQ� FRHIILFLHQW�� -RXUQDO� RI� WKH� $PHULFDQ� 6WDWLVWLFDO� $VVRFLDWLRQ�� ���

����¤�����

/HH��<��6����������7DEOHV�RI�XSSHU�SHUFHQWDJH�SRLQWV�RI�WKH�PXOWLSOH�FRUUHODWLRQ

FRHIILFLHQW��%LRPHWULND���������¤����
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0DF&DOOXP��5��&���%URZQH��0��:���	�6XJDZDUD��+��0����������3RZHU�DQDO\VLV

DQG�GHWHUPLQDWLRQ�RI�VDPSOH�VL]H�IRU�FRYDULDQFH�VWUXFWXUH�PRGHOLQJ��3V\FKR�

ORJLFDO�0HWKRGV��������¤����

0DLWL��6��6���	�0XNKHUMHH��%��1����������$�QRWH�RQ�WKH�GLVWULEXWLRQDO�SURSHUWLHV

RI�WKH�-|UHVNRJ¤6|UERP�ILW�LQGLFHV��3V\FKRPHWULND���������¤����

0HHKO��3��(����������7KHRUHWLFDO�ULVNV�DQG�WDEXODU�DVWHULVNV��6LU�.DUO��6LU�5RQDOG�

DQG�WKH�VORZ�SURJUHVV�RI�VRIW�SV\FKRORJ\��-RXUQDO�RI�&RQVXOWLQJ�DQG�&OLQLFDO

3V\FKRORJ\���������¤����

0RUULVRQ��'��)�� ��������0XOWLYDULDWH� VWDWLVWLFDO�PHWKRGV�� ��UG�(G����1HZ�<RUN�

0F*UDZ�+LOO�

5R]HERRP��:��:�� ��������7KH� IDOODF\� RI� WKH� QXOO� K\SRWKHVLV� VLJQLILFDQFH� WHVW�

3V\FKRORJLFDO�%XOOHWLQ���������¤����

6FKPLGW��)��/���	�+XQWHU��-��(����������(LJKW�FRPPRQ�EXW�IDOVH�REMHFWLRQV�WR�WKH

GLVFRQWLQXDWLRQ�RI�VLJQLILFDQFH�WHVWLQJ�LQ� WKH�DQDO\VLV�RI� UHVHDUFK�GDWD�� ,Q�/�

+DUORZ��6��$��0XODLN��	�-��+��6WHLJHU��(GV����:KDW�LI� WKHUH�ZHUH�QR�VLJQLIL�

FDQFH�WHVWV"�0DKZDK��1-��(UOEDXP�

6WHLJHU�� -�� +�� �������� (]3$7+�� $� 6XSSOHPHQWDU\� 0RGXOH� IRU� 6<67$7� DQG

6<*5$3+��(YDQVWRQ��,/��6<67$7�,QF�

6WHLJHU��-��+����������6WUXFWXUDO�PRGHO�HYDOXDWLRQ�DQG�PRGLILFDWLRQ��$Q�LQWHUYDO

HVWLPDWLRQ�DSSURDFK��0XOWLYDULDWH�%HKDYLRUDO�5HVHDUFK���������¤����

6WHLJHU�� -�� +�� �������� 6WUXFWXUDO� HTXDWLRQ�PRGHOLQJ� �6(3$7+��� ,Q� 6WDWLVWLFD�:

�����7XOVD��2.��6WDW6RIW��,QF�

6WHLJHU��-��+���	�)RXODGL��5��7����������5���$�&RPSXWHU�3URJUDP�IRU�,QWHUYDO�(V�

WLPDWLRQ��3RZHU�&DOFXODWLRQ��DQG�+\SRWKHVLV�7HVWLQJ�IRU� WKH�6TXDUHG�0XOWL�

SOH�&RUUHODWLRQ��%HKDYLRU�5HVHDUFK�0HWKRGV��,QVWUXPHQWV��DQG�&RPSXWHUV����

���¤����

6WHLJHU�� -��+���	�/LQG�� -��&�� ��������6WDWLVWLFDOO\�EDVHG� WHVWV� IRU� WKH�QXPEHU�RI

FRPPRQ�IDFWRUV��3DSHU�SUHVHQWHG�DW� WKH�0D\�DQQXDO�PHHWLQJ�RI� WKH�3V\FKR�

PHWULF�6RFLHW\��,RZD�&LW\��,$�

7D\ORU�� '�� -��� 	� 0XOOHU�� .�� (�� �������� &RPSXWLQJ� FRQILGHQFH� ERXQGV� IRU

SRZHU�DQG�VDPSOH�VL]H�RI�WKH�JHQHUDO�OLQHDU�XQLYDULDWH�PRGHO��7KH�$PHULFDQ

6WDWLVWLFLDQ��������¤���

9HQDEOHV��:�� ��������&DOFXODWLRQ�RI�FRQILGHQFH� LQWHUYDOV� IRU�QRQ�FHQWUDOLW\�SD�

UDPHWHUV��-RXUQDO�RI�WKH�5R\DO�6WDWLVWLFDO�6RFLHW\��6HULHV�%���������¤����
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